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ABSTRACT
L e t  X be  a c o n t in u u m *  i . e .  a c o m p a c t  c o n n e c t e d  
H a u s d o r f f  s p a c e .  A s e m i g r o u p  s t r u c t u r e  on X i s  a c o n t i n u o u s  
a s s o c i a t i v e  b i n a r y  o p e r a t i o n  m on X. The s p a c e  X i s  
s a i d  t o  a d m i t  a s e m i g r o u p  s t r u c t u r e  i f  s u c h  an o p e r a t i o n  can  
b e  d e f i n e d  on X . In  t h i s  d i s s e r t a t i o n  we a r e  c o n c e r n e d  
w i t h  v a r i o u s  c o l l e c t i o n s  o f  t o p o l o g i c a l  p r o p e r t i e s  w h ic h  
c o n t i n u a  may have* an d  c o n s i d e r  w h e t h e r  e a c h  c o l l e c t i o n  P 
o f  p r o p e r t i e s  d e t e r m i n e s  an a n s w e r  t o  t h e  q u e s t i o n  "Does a 
c o n t i n u u m  h a v i n g  t h e  p r o p e r t i e s  P a d m i t  t h e  s t r u c t u r e  o f  a 
s e m i g r o u p  w i t h  i d e n t i t y ? "
In  C h a p t e r  I I  we c o n s i d e r  r e t r a c t s  X o f  a t w o - c e l l .  
U s i n g  t o p o l o g i c a l  an d  c y c l i c  e l e m e n t  c h a r a c t e r i z a t i o n s  o f  
X i t  i s  shown t h a t  X i s  a w e a k l y  r u l e d  s p a c e  ( i . e .  r u l e d  
i n  t h e  s e n s e  o f  E b e r h a r t )  a n d  t h u s  X a d m i t s  t h e  s t r u c t u r e  
o f  a s e m i l a t t i c e  ( c o m m u t a t i v e  i d e m p o t e n t  s e m i g r o u p )  w i t h  
i d e n t i t y  i f  X h a s  no  f r e e  t w o - c e l l .  We t h e n  show t h a t  
a n y  c y c l i c  c h a i n  <3(a*b) i n  X a d m i t s  t h e  s t r u c t u r e  o f  a 
s e m i l a t t i c e  w i t h  z e r o  an d  i d e n t i t y .  I t  i s  a l s o  shown 
t h a t  i f  t  i s  a c u t  p o i n t  o f  <2-(a*b) t h e n  t h e r e  i s  a 
min  t h r e a d  f r o m  t h e  z e r o  o f  <3(a*b) t o  t  w h ic h  i s  a 
ho m om orph ic  r e t r a c t  o f  <3(a*b) .
A s su m in g  X h a s  no  f r e e  t w o - c e l l *  an a l g o r i t h m  i s
g i v e n  c o m b i n i n g  t h e  s e m i l a t t i c e  s t r u c t u r e s  o f  a d e n s e  
c o l l e c t i o n  o f  c y c l i c  c h a i n s  so t h a t  t h e  u n i o n  o f  t h i s  
c o l l e c t i o n  a d m i t s  t h e  s t r u c t u r e  o f  a s e m i l a t t i c e  w i t h  
i d e n t i t y .  The o p e r a t i o n  on t h i s  d e n s e  s u b s e t  o f  X i s  
shown t o  b e  u n i f o r m l y  c o n t i n u o u s  an d  h e n c e  e x t e n d a b l e  t o  a 
s e m i l a t t i c e  s t r u c t u r e  w i t h  i d e n t i t y  on X.
I n  C h a p t e r  I I I  we d e f i n e  a c l a s s  o f  c o n t i n u a  c a l l e d  
s t r o n g l y  r u l e d  c o n t i n u a  an d  p r o v e  t h a t  a n y  s u c h  c o n t i n u u m  
a d m i t s  t h e  s t r u c t u r e  o f  a s e m i g r o u p  w i t h  z e r o  a n d  i d e n t i t y .  
E x a m p le s  a r e  g i v e n  o f  s p a c e s  w h ic h  a r e  s t r o n g l y  r u l e d  
c o n t i n u a .
I n  C h a p t e r  IV we c o n s i d e r  s e m i l a t t i c e s  on g e n e r a l i z e d  
t r e e s  ( a r c w i s e  c o n n e c t e d  h e r e d i t a r i l y  u n i c o h e r e n t  c o n t i n u a  
X w i t h  d i s t i n g u i s h e d  e l e m e n t  p so t h a t  [ p 3x ] -» [ p ^ x ]U
w h e n e v e r  x a x ) • Two s u f f i c i e n t  c o n d i t i o n s  a r e  g i v e n  i n  
o r d e r  t h a t  a g e n e r a l i z e d  t r e e  n o t  a d m i t  t h e  s t r u c t u r e  o f  a 
s e m i l a t t i c e  w i t h  i d e n t i t y .  E x a m p le s  a r e  g i v e n  o f  g e n e r a l i z e d  
t r e e s  s a t i s f y i n g  e a c h  c o n d i t i o n  and  h e n c e  n o t  a d m i t t i n g  t h e  
s t r u c t u r e  o f  a s e m i l a t t i c e  w i t h  i d e n t i t y .
v
CHAPTER I  
PRELIMINARY REMARKS
S i n c e  we w i l l  b e  w o r k i n g  w i t h  s p a c e s  w h i c h  w i l l  n o t
n e c e s s a r i l y  b e  m e t r i c ,  we em p lo y  n e t s .  F o r  a c o m p l e t e
a c c o u n t ,  s e e  C h a p t e r  2 o f  K e l l e y  [ 8 ] .  B r i e f l y ,  a s e t  D i s
d i r e c t e d  b y  a r e f l e x i v e ,  t r a n s i t i v e  r e l a t i o n  < i f  and  o n l y
i f  f o r  e a c h  a , P  e D t h e r e  e x i s t s  y e D s u c h  t h a t
a , p  < Y. A n e t  i n  a s p a c e  X i s  a f u n c t i o n  f  f r o m  a d i r e c t e d
s e t  D t o  X. The n e t  f  i s  f r e q u e n t l y  i n  a  s e t  U i f  f o r
e a c h  a  e D t h e r e  e x i s t s  p e D s u c h  t h a t  a  < p and
f ( p )  e U; f  i s  e v e n t u a l l y  i n  U i f  t h e r e  e x i s t s  a  e D
s u c h  t h a t  f ( p )  e U f o r  a l l  p > a .  The n e t  f  c l u s t e r s
a t  a p o i n t  x i f  an d  o n l y  i f  f  i s  f r e q u e n t l y  i n  e a c h  open
s e t  U c o n t a i n i n g  x} f  c o n v e r g e s  t o  x i f  an d  o n l y  i f  f
i s  e v e n t u a l l y  i n  e a c h  o p e n  s e t  c o n t a i n i n g  U. F o r  a  e D we
w r i t e  f ( a )  = x  a n d  d e n o t e  t h e  n e t  f  b y  x o rcc oc
s o m e t im e s  fx } c i v  By x  -» x  we mean t h e  n e t  x c o n v e r g e s
OC CC €  -L ' OC CC
t o  x .  The m ain  f a c t s  we u s e  a b o u t  n e t s  a r e  t h e  f o l l o w i n g :
A f u n c t i o n  g f r o m  a s p a c e  X t o  a s p a c e  Y i s  c o n t i n u o u s  i f
a n d  o n l y  i f  x -» x i n  X i m p l i e s  g ( x  ) -» g ( x )  i n  Y. Aoc cc
s u b s e t  A c X i s  c l o s e d  i f  a n d  o n l y  i f  x a  -» x an d
x a  e A i m p l i e s  x e A. X i s  c o m p a c t  i f  and  o n l y  i f  e a c h
n e t  i n  X c l u s t e r s  a t  some p o i n t  o f  X.
1
2L e t  2^ d e n o t e  t h e  s p a c e  o f  a l l  c l o s e d  s u b s e t s  o f
y
X.  I f  [X } ^  i s  a n e t  i n  2 t h e n  we d e n o t e  b y1 a JaeD
l i m  i n f  X t h e  s e t  o f  a l l  p o i n t s  x e X s u c h  t h a t  X„------------------a  ^ a
e v e n t u a l l y  i n t e r s e c t s  e a c h  open  s e t  U c o n t a i n i n g  x .  We
d e n o t e  b y  l i m  sup  X^ t h e  s e t  o f  a l l  p o i n t s  x e X s u c h  t h a t
Xa  f r e q u e n t l y  i n t e r s e c t s  e a c h  o p en  s e t  U c o n t a i n i n g  x .  I f
l i m  su p  Xa  = L = l i m  i n f  we s a y  Xa  c o n v e r g e s  t o  L.
S i n c e  l i m  i n f  Xa  e  l i m  sup  Xa  f o r  a n y  n e t  X^, i n  o r d e r  t o
show X -» L i t  s u f f i c e s  t o  show l i m  i n f  X c  L c  l i m  sup  X . a  a  a
We d e n o t e  t h e  e m p ty  s e t  b y  □ .  A* d e n o t e s  t h e
c l o s u r e  o f  A an d  X\A d e n o t e s  t h e  c o m p lem e n t  o f  A i n  X.
F o r  a s u b s e t  A o f  a s e t  X^ F(A) d e n o t e s  t h e  b o u n d a r y  o f  A
a n d  A° = X \ ( X \ A ) *  d e n o t e s  t h e  i n t e r i o r  o f  A.
By an  a l g e b r a i c  s e m i g r o u p  we mean a s e t  S t o g e t h e r  
w i t h  a  b i n a r y  o p e r a t i o n  m:SxS -+ S w h i c h  i s  a s s o c i a t i v e  ( i . e .  
m ( x , m ( y , z ) ) = m ( m ( x , y ) , z ) ) .  A s e m i g r o u p  i s  an a l g e b r a i c  
s e m i g r o u p  s u c h  t h a t  t h e  s e t  S i s  a H a u s d o r f f  t o p o l o g i c a l  
s p a c e  an d  t h e  f u n c t i o n  m:SxS-*  S i s  c o n t i n u o u s .  A " H a u s d o r f f  
s p a c e  S i s  s a i d  t o  a d m i t  a s e m i g r o u p  s t r u c t u r e  i f  an 
o p e r a t i o n  c a n  b e  d e f i n e d  on S so  t h a t  S i s  a s e m i g r o u p .  When­
e v e r  p o s s i b l e  t h i s  o p e r a t i o n  w i l l  b e  d e n o t e d  b y  j u x t a p o s i t i o n ;  
i . e .  m ( x j y )  = x y .  F o r  tw o  s u b s e t s  A a n d  B o f  S,  AB d e n o t e s  
fab  | a  e A, b e B) .
A n o n v o i d  s u b s e t  A o f  S i s  an i d e a l  o f  S p r o v i d e d  
AS U SA c A. I t  i s  e a s i l y  shown t h a t  t h e  i n t e r s e c t i o n  o f
3a c o l l e c t i o n  o f  i d e a l s  o f  S i s  a g a i n  an i d e a l  o f  S ,  p r o v i d e d  
i t  i s  n o n - v o i d .  The k e r n e l  o f  S, K ( S ) ,  i s  d e f i n e d  a s  t h e  
i n t e r s e c t i o n  o f  a l l  i d e a l s  o f  S, p r o v i d e d  t h i s  i n t e r s e c t i o n  
i s  n o n - v o i d .  I f  S i s  com pact . ,  t h e n  K (S)  e x i s t s .
A s e m i l a t t i c e  i s  a  c o m m u t a t i v e  i d e m p o t e n t  s e m i g r o u p ;
2
i . e .  a s e m i g r o u p  S s u c h  t h a t  x y  = yx a n d  x = x f o r  a l l  
x , y £ S .  The k e r n e l  o f  a s e m i l a t t i c e  i s  a p o i n t  i f  i t  e x i s t s ,  
a n d  t h u s  c o m p a c t  c o n n e c t e d  s e m i l a t t i c e s  h a v e  a  z e r o .
L e t  S h e  a  s e m i l a t t i c e .  The r e l a t i o n  < d e f i n e d  
on S b y  x  < y  i f f  x y  = x i s  r e f l e x i v e ,  t r a n s i t i v e ,  and
a n t i s y m m e t r i c .  I n  a d d i t i o n ,  t h e  g r a p h  o f  < ( { ( x , y ) |  x < y } )  
i s  a c l o s e d  s u b s e t  o f  S xS .  I n  g e n e r a l ,  i f  X i s  a 
H a u s d o r f f  s p a c e  on w h i c h  a r e f l e x i v e ,  t r a n s i t i v e ,  and  
a n t i s y m m e t r i c  r e l a t i o n  < i s  d e f i n e d  s u c h  t h a t  t h e  g r a p h  o f  
< i s  c l o s e d  i n  XxX t h e n  we s a y  X i s  a p a r t i a l l y  o r d e r e d  
s p a c e . I f  i n  a d d i t i o n  t h e  o p e r a t i o n  ( x , y )  -* ( x A y ) ,  w h e r e  
x A y  d e n o t e s  t h e  g r e a t e s t  l o w e r  b o u n d  o f  x  a n d  y ,  i s  
c o n t i n u o u s ,  t h e n  X i s  a  s e m i l a t t i c e  u n d e r  t h i s  o p e r a t i o n .
We s e t  L(A) = [ x e X | x < a  f o r  some a e A} and
M(A) = f x e X | a < x  f o r  some a e A} . A s u b s e t  A o f  a p a r t i a l l y
o r d e r e d  s p a c e  X i s  s a i d  t o  b e  c o n v e x  i f  x  < y  < z a n d
x , z  e A i m p l i e s  y  e A.
A c o n t i n u u m  i s  a  c o m p a c t  c o n n e c t e d  H a u s d o r f f  s p a c e .
An a r c  i s  a c o n t i n u u m  w i t h  e x a c t l y  two n o n - c u t p o i n t s . L e t
A b e  an a r c  w i t h  n o n - c u t p o i n t s  p an d  q .  D e f i n e  a
4m u l t i p l i c a t i o n  on A b y  x y  = x i f  x e [ p 3y ]  an d  x y  = y  
o t h e r w i s e .  H e re  [ p , y ]  d e n o t e s  t h e  s u b a r c  o f  A w i t h  
e n d  p o i n t s  p and  y  i f  p =f y  an d  [ p * y ]  = p i f  p  = y .
W i t h  t h i s  m u l t i p l i c a t i o n ,  A i s  a c o m p a c t  c o n n e c t e d  
s e m i l a t t i c e  w i t h  z e r o  p and  i d e n t i t y  q .  The p a r t i a l  o r d e r  
i n d u c e d  b y  t h i s  o p e r a t i o n  i s  a t o t a l  o r d e r  ( i . e .  e v e r y  p a i r  
o f  e l e m e n t s  c o m p a r e )  an d  x y  = m i n [ x , y ]  w i t h  r e s p e c t  t o  t h i s  
o r d e r .  A i s  t h e n  c a l l e d  a min  t h r e a d . We r e s e r v e  t h e  
sy m b o l  I  f o r  t h e  i n t e r v a l  [ 0 , 1 ]  o f  r e a l  n u m b e r s  u n d e r  t h i s  
min  o p e r a t i o n .  I n  a n y  c o m p a c t ,  c o n n e c t e d  s e m i l a t t i c e  A, i f  
a e A t h e n  t h e r e  e x i s t s  a min  t h r e a d  i n  A f r o m  0 t o  a .
I n  C h a p t e r  I I  we s h a l l  n e e d  t h e  c o n c e p t  o f ,  an d  
r e s u l t s  c o n c e r n i n g ,  c y c l i c  e l e m e n t s .  F o r  a  c o m p l e t e  a c c o u n t  
s e e  C h a p t e r  IV o f  Whyburn [ 2 2 ] .  B r i e f l y ,  a  s i m p l e  l i n k .  E o f  
a  l o c a l l y  c o n n e c t e d  c o n t i n u u m  X i s  a n o n - d e g e n e r a t e  c o n n e c t e d  
s u b s e t  o f  X w h i c h  h a s  no c u t p o i n t  an d  i s  m a x im a l  w i t h  
r e s p e c t  t o  t h e  p r o p e r t y  o f  b e i n g  a c o n n e c t e d  s u b s e t  o f  X 
h a v i n g  n o  c u t p o i n t .  I f  p e E,  t h e n  E c o n s i s t s  o f  p
t o g e t h e r  w i t h  a l l  p o i n t s  w h i c h  c a n n o t  b e  s e p a r a t e d  f r o m  p
i n  X. By a c y c l i c  e l e m e n t  o f  X we mean a s i m p l e  l i n k ,  a 
c u t p o i n t ,  o r  an e n d  p o i n t  ( i . e .  a  p o i n t  h a v i n g  a b a s i s  o f  
n e i g h b o r h o o d s  w i t h  a o n e  p o i n t  b o u n d a r y )  o f  X. The o u t p o i n t s
a n d  en d  p o i n t s  o f  X w i l l  b e  c a l l e d  d e g e n e r a t e  c y c l i c  
e l e m e n t s  an d  t h e  s i m p l e  l i n k s  t r u e  c y c l i c  e l e m e n t s .  We l i s t  
now some f a c t s  c o n c e r n i n g  c y c l i c  e l e m e n t s  and  r e l a t e d  t o p i c s .
5E a c h  p o i n t  o f  X i s  c o n t a i n e d  i n  some c y c l i c  e l e m e n t ,  an d  
a n o n - c u t p o i n t  can  b e l o n g  t o  o n l y  o n e .  I f  E i s  a t r u e  
c y c l i c  e l e m e n t  o f  X an d  R i s  a co m p o n e n t  o f  X \E ,  t h e n  
t h e r e  e x i s t s  p e E,  -which i s  a l s o  a c u t p o i n t  o f  X, s u c h
t h a t  R i s  a c o m p o n e n t  o f  M \ [ p } .
A s u b c o n t i n u u m  A o f  a l o c a l l y  c o n n e c t e d  c o n t i n u u m  X 
i s  c a l l e d  an A - s e t  i f  i t  p o s s e s s e s  a n y  o n e  o f  t h e  f o l l o w i n g  
f o u r  e q u i v a l e n t  p r o p e r t i e s :
a )  I f  A c o n t a i n s  m ore  t h a n  one  p o i n t  o f  a c y c l i c  
e l e m e n t  E o f  X, t h e n  A 3  E.
b )  F o r  an y  p e A we h a v e  p = A o r  p b e l o n g s  t o
some c y c l i c  e l e m e n t  E c: A.
c )  The b o u n d a r y  i n  X o f  a n y  c o m p o n e n t  o f  X\A i s  
a s i n g l e  p o i n t .
d) F o r  a n y  a r c  [ a , b ]  i n  X, a , b  e A i m p l i e s  
[ a , b ]  c A.
I t  f o l l o w s  t h a t  a n y  c y c l i c  e l e m e n t  o f  X i s  an A - s e t  
and  t h e  i n t e r s e c t i o n  o f  a  c o l l e c t i o n  o f  A - s e t s  i s  an A - s e t .  
A l s o  a n y  A - s e t  A i s  l o c a l l y  c o n n e c t e d  a n d  a n y  c y c l i c  e l e m e n t  
o f  A i s  a c y c l i c  e l e m e n t  o f  X.
F o r  a n y  two d i s t i n c t  p o i n t s  a an d  b o f  a l o c a l l y  
c o n n e c t e d  c o n t i n u u m  X, t h e  i n t e r s e c t i o n  o f  a l l  A - s e t s  i n  X 
c o n t a i n i n g  a and  b  i s  c a l l e d  t h e  c y c l i c  c h a i n  f r o m  a t o  
b a n d  i s  d e n o t e d  b y  ( 3 ( a , b ) . U s i n g  t h e  p r o p e r t i e s  o f  A - s e t s ,
6& ( a 3b )  i s  an  A - s e t .  I t  s h o u l d  b e  n o t e d  t h a t  an e q u i v a l e n t  
c h a r a c t e r i z a t i o n  o f  < 3 (a ,b )  i s  t h e  s e t  L ,  w h i c h  c o n s i s t s  
o f  a and  b t o g e t h e r  w i t h  a l l  p o i n t s  o f  X w h i c h  s e p a r a t e  
a and  b* and  a l l  c y c l i c  e l e m e n t s  E s u c h  t h a t  E fl L 
c o n s i s t s  o f  e x a c t l y  two p o i n t s .
A s u b s e t  K o f  a l o c a l l y  c o n n e c t e d  c o n t i n u u m  X i s  s a i d  
t o  b e  n o d a l  i f  F(K) i s  a p o i n t .  The n o d e s  o f  a l o c a l l y  
c o n n e c t e d  c o n t i n u u m  X a r e  a l l  c y c l i c  e l e m e n t s  ( t r u e  o r  n o t )  
w h ic h  a r e  a l s o  n o d a l  s e t s .  I t  may be  shown t h a t  a l o c a l l y  
c o n n e c t e d  c o n t i n u u m  w h ic h  h a s  a c u t p o i n t  h a s  a t  l e a s t  two 
n o d e s .
CHAPTER I I  
SEMILATTICES ON RETRACTS OF A TWO-CELL
I n  [ 1 5 ]  a n d  [ 1 6 ] ,  Koch r a i s e d  t h e  q u e s t i o n ,  "Does 
e v e r y  a b s o l u t e  r e t r a c t  X a d m i t  t h e  s t r u c t u r e  o f  a s e m i g r o u p  
w i t h  i d e n t i t y " . The  m a i n  t h e o r e m  o f  t h i s  c h a p t e r  g i v e s  an 
a f f i r m a t i v e  a n s w e r  i n  t h e  c a s e  X i s  c o n t a i n e d  t h e  p l a n e ,  
i . e .  when X i s  a r e t r a c t  o f  a t w o - c e l l .
2 . 1  D e f i n i t i o n  A s u b s p a c e  A o f  a  t o p o l o g i c a l  s p a c e  X i s  
c a l l e d  a r e t r a c t  o f  X i f  t h e r e  e x i s t s  a c o n t i n u o u s  map 
r : X  -+ A s u c h  t h a t  r ( a )  = a f o r  e v e r y  a e A.
The f o l l o w i n g  i s  a c o m p l e t e l y  t o p o l o g i c a l  c h a r a c t e r ­
i z a t i o n  o f  r e t r a c t s  o f  a  t w o - c e l l .
2 . 2  T h e o re m  ( B o r s u k  [ 1 ] )  A s u b s e t  A o f  a t w o - c e l l  X i s  a 
r e t r a c t  o f  X i f  a n d  o n l y  i f  A i s  a l o c a l l y  c o n n e c t e d  
c o n t i n u u m  w h i c h  d o e s  n o t  s e p a r a t e  t h e  p l a n e .
The c y c l i c  e l e m e n t  s t r u c t u r e  o f  a r e t r a c t  o f  a t w o - c e l l  
h a s  b e e n  c h a r a c t e r i z e d  b y  Whyburn a s  f o l l o w s :
2 . 3  T h e o rem  (Whyburn [ 2 2 ] )  A l o c a l l y  c o n n e c t e d  c o n t i n u u m  
d o e s  n o t  s e p a r a t e  t h e  p l a n e  i f  and  o n l y  i f  e v e r y  t r u e  c y c l i c  
e l e m e n t  i s  a s i m p l e  c l o s e d  c u r v e  t o g e t h e r  w i t h  i t s  i n t e r i o r ,  
i . e .  a t w o - c e l l .
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8The p r o o f  t h a t  a r e t r a c t  X o f  a t w o - c e l l  a d m i t s  t h e  
s t r u c t u r e  o f  a s e m i l a t t i c e  w i t h  i d e n t i t y  w i l l  h e  d o n e  i n  two 
c a s e s .  The f i r s t  s e c t i o n  w i l l  c o n s i d e r  t h e  c a s e  when X h a s  
a f r e e  t w o - c e l l  ( i . e .  a s u b s e t  A w h ic h  i s  t o p o l o g i c a l l y  a 
t w o - c e l l  an d  w h ic h  i s  s u c h  t h a t  F(A) i s  a p o i n t ) ,  a n d  t h e  
s e c o n d  s e c t i o n  w i l l  c o n s i d e r  t h e  c a s e  when X d o e s  n o t .
S e c t i o n  I
2 . 4  D e f i n i t i o n  S u p p o s e  X i s  a t o p o l o g i c a l  s p a c e  an d
E c: X, 0 e X. L e t  Cl = {[ 0, e ] : e e E) b e  a  c o l l e c t i o n  o f  a r c s  
i n  X s a t i s f y i n g
i )  X = U [ 0 , e ]
eeE
i i )  [ 0 , e ]  fl [ 0 , f ]  i s  a p r o p e r  s u b a r c  o f  e a c h .
i i i )  F o r  e a c h  e e l ,  t h e r e  i s  a u n i q u e  a r c  [ 0 , e ]  e d
i v )  I f  x -* x t h e n  [ 0 , x  ] - » [ 0 , x ]  i n  t h e  s e n s e  o f  
> a L a J L J
l i m  s u p - l i m  i n f  c o n v e r g e n c e  ( C h a p t e r  I )  .
T h e n  Cl i s  s a i d  t o  b e  a weak r u l i n g  o f  X.
N o t a t i o n :  C (x ,A )  d e n o t e s  t h e  c o m p o n e n t  o f  t h e  p o i n t  x i n
t h e  s e t  A.
2 . 5  T h e o re m  I f  X i s  a r e t r a c t  o f  a t w o - c e l l  t h e n  X 
a d m i t s  a weak  r u l i n g .
P r o o f  By T h e o re m s  2 . 2  an d  2 .3*  X m u s t  b e  a l o c a l l y  c o n n e c t e d
9c o n t i n u u m  w h i c h  d o e s  n o t  s e p a r a t e  t h e  p l a n e ,  an d  e v e r y  t r u e  
c y c l i c  e l e m e n t  o f  X i s  a  t w o - c e l l .  L e t  { D - ^ D ^ , . . . }  b e  t h e  
c o l l e c t i o n  o f  t r u e  c y c l i c  e l e m e n t s  o f  X. L e t  
0 e F ( X ) = Xfl (tt\ X ) * -  L e t  E = F ( X ) \  ( [ c u t p o i n t s  o f  X}ll { 0 } ) .
F o r  e a c h  l e t  h^  b e  a hom eom orph ism  o f  I x l  ( I  d e n o t e s
t h e  i n t e r v a l  [ 0 , 1 ]  o f  r e a l  n u m b e r s )  o n t o  s u c h  t h a t  i f
0 e D^, t h e n  h ^ ( 0 , 0 )  = 0 a n d  i f  0 <| D^, t h e n  h ^ ( 0 , 0 ) = z ^
w h e re  z^  i s  t h a t  p o i n t  o f  s u c h  t h a t
C ( 0 ,X \C h )  = C ( 0 , X \ z ^ ) .  F o r  e a c h  e e E c o n s t r u c t  [ 0 , e ]  a s
f o l l o w s .  C o n s i d e r  t h e  c y c l i c  c h a i n  ( 3 ( 0 , e ) .  L e t  be
t h e  c o l l e c t i o n  o f  t r u e  c y c l i c  e l e m e n t s  i n  < 3 (0 ,e ) .  F o r  e a c h  
Dk  l e t  e k  be  t h e  b o u n d a r y  i n  X o f  C ( e ,X \ D k ) i f  t h i s  
i s  n o n - e m p t y ,  an d  e o t h e r w i s e .  L e t  Ak  b e  t h e  im a g e  
u n d e r  h k  o f  t h e  s t r a i g h t  l i n e  i n  I x l  f r o m  hk"*"(z k ) t o  
h k _ 1 ( e k ) .  L e t  Q1 = <3(0, e ) \  (D-^A^) a n d  i n d u c t i v e l y  
Q j + i  -= Q j \  (Dj + i \ Aj + i )  • Then [ 0 ,  e ]  = g  Qk . S i n c e  e a c h  Qk 
i s  a  c o n t i n u u m  an d  Qj+p c  Qj* [ 0 , e ]  i s  a c o n t i n u u m .
We s h a l l  show 0 a n d  e a r e  t h e  o n l y  n o n - c u t p o i n t s  
o f  [ 0 , e ] .  I f  a e [ 0 , e ] \ { 0 , e ]  i s  a d e g e n e r a t e  c y c l i c  
e l e m e n t  o f  f l ' ( 0 , e ) ,  t h e n  a  i s  a c u t p o i n t  o f  X s e p a r a t i n g
0 an d  e and  h e n c e  c u t s  [ 0 , e ] .  A s i m i l a r  a r g u m e n t
h a n d l e s  t h e  c a s e  when a e F (D ^ )  f o r  some t r u e  c y c l i c
e l e m e n t  o f  <3 (0 ,e ) .  I f  a e D^° t h e n  a c u t s
f! [ 0 , e ]  an d  h e n c e  c u t s  [ 0 , e ] .  T h u s  a n y  p o i n t  o f
[ 0 , e ] \ [ 0 , e ]  c u t s  [ 0 , e ] .  We show t h a t  0 d o e s  n o t  c u t
[ 0 , e ] .  F i r s t  n o t e  t h a t  0 d o e s  n o t  c u t  ( 3 ( 0 , e ) .  I f  0
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i s  an en d  p o i n t  o f  C,(0 , e )  t h e n  0 c u t s  n o  s u b c o n t i n u u m  o f  
< 3 (0 ,e )  an d  h e n c e  d o e s  n o t  c u t  [ 0 , e ] .  I f  0 i s  n o t  an end  
p o i n t  o f  <3(0, e ) ,  t h e n  0 e D f o r  some t r u e  c y c l i c  e l e m e n t  
D o f  0 , ( 0 , e ) .  I f  0 a l s o  c u t s  [ 0 , e ] ,  t h e n  0 c u t s  
[ 0 , e ]  H D. B u t  [ 0 , e ]  PI D i s  an  a r c  w i t h  e n d  p o i n t  0 .
T h i s  i s  a c o n t r a d i c t i o n ,  a n d  so  0 d o e s  n o t  c u t  [ 0 , e ] .  A
s i m i l a r  a r g u m e n t  shows e d o e s  n o t  c u t  [ 0 , e ] .
To show t h a t  d  = f [ 0 , e ] : e  e E)  i s  a  w eak  r u l i n g  o f  
X, we e s t a b l i s h  f o u r  c l a i m s .
C la im  1 X = l L [ 0 , e ] .-------------- eeE
P r o o f :  L e t  x  e X. We show x e  U [ 0 , e ] .  I f  x e some D . , 
  eeE 1
t h e n  t h e r e  e x i s t s  b e F ( I x l )  so  t h a t  h^ (x )  l i e s  on t h e
s t r a i g h t  l i n e  f r o m  (0 , 0 ) t o  b ,  an d  h e n c e  x l i e s  on t h e
im ag e  o f  t h i s  s t r a i g h t  l i n e  u n d e r  h ^ . Now h ^ ( b )  e F ( X ) ,
so i f  h ^ ( b )  i s  n o t  a c u t p o i n t  t h e n  x e [ 0 , h ^ ( b ) ]  e d » I f
h ^ ( b )  i s  a c u t p o i n t  t h e n  l e t  K b e  a co m p o n e n t  o f
X \ { h ^ ( b ) }  n o t  c o n t a i n i n g  0 .  F (K )  = h ^ ( b ) ,  so  K i s  a n o d a l
s e t  i n  X a n d  h e n c e  c o n t a i n s  a t  l e a s t  o n e  n o d e  o f  X. T h i s
n o d e  m u s t  e i t h e r  b e  an e l e m e n t  e  o f  E o r  a  tw o  c e l l
w h i c h  i n  t u r n  c o n t a i n s  an e l e m e n t  e o f  E .  Then
'h ^ (b )  6 [ 0 , e ]  e d  and  h e n c e  .x e [ 0 , e ]  e d .  Thus
X c  | i [ 0 , e ]  so  X = U „ [ 0 , e ] .e e E 1 eeE
C la im  2 F o r  e , f  e E ,  [ 0 , e ] D [ 0 , f ]  i s  a p r o p e r  s u b a r c  o f
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e a c h .
P r o o f : By t h e  d e f i n i t i o n  o f  [ C h e ]  an d  [ 0 , f ] ,  i f
x e [ 0 , e ]  fl [ 0 , f ]  t h e n  a n y  y  w h i c h  p r e c e d e s  x  i n  e i t h e r
[ C h e ]  o r  [ 0 , f ] i s  c o n t a i n e d  i n  [ 0 ,  e]  0 [ 0 ,  f  ] . Thus  
[ 0 , e ] H [ 0 , f ]  i s  a s u h a r c  o f  e a c h .
C l a i m  3 F o r  e a c h  e e l ,  t h e r e  i s  a  u n i q u e  a r c  [ 0 , e ]  e G .
P r o o f : O b v io u s  f r o m  t h e  d e f i n i t i o n  o f  [ 0 , e ]  .
C l a i m  k  I f  x fi ■+ x t h e n  [OjXn ] [ 0 3x ]  .
P r o o f : L e t  x^ -» x . We d i s t i n g u i s h  t h r e e  c a s e s .
Case  I  x e X ° . Then, x e D^° f o r  some t r u e  c y c l i c  
e l e m e n t  and  h e n c e  we may a s su m e  x fi e D^° f o r  a l l  n  . 
Then  [ 0 , x ] n  (X\D± ) = [ 0 , x  ] n (X\D± ) = [ 0 , z± ) f o r  a l l  n .  
L e t  [ ( 0 , 0 ) ,  (xn ) ] d e n o t e  t h e  s t r a i g h t  l i n e  i n  I x l
f r o m  ( 0 , 0 )  t o  h j__ 1 (xn )» Now h i ~ 1 (xn ) -* h i " 1 (x )  so  
[ (0 , 0 ) , h 1“ 1 (xn ) ] -» [ ( 0 , 0 ) , h i “ 1 (x )  'J, and
h . [  ( 0 , 0 ) , h 1 “ 1 (xn ) ]  = [ 0 ) xn ] n D . 4 h i [ ( 0 , 0 ) J h . ‘ 1 (x)]  = [ 0 , x ] n D 1 
s i n c e  hn i s  a h o m e o m o rp h i s m . Thus  [ 0 , x n ] -» [ 0 , x ] .
Case  I I  x e F (X )  an d  x i s  n o t  an  e n d  p o i n t  o f  3 ( 0 , x ) .
Then x  e D f o r  some c y c l i c  e l e m e n t  D o f  <3(0 ,x ) .  We 
s h a l l  f i r s t  show t h a t  [ 0 , x  ] H D i s  e v e n t u a l l y  n o n - e m p t y .  
I f  D = <3(0 ,x )  t h i s  i s  o b v i o u s l y  t r u e  s i n c e  0 e D f l [ 0 , x  ] .  
O t h e r w i s e  l e t  d = Dfl ( < 3 ( 0 , x ) \ D ) * . L e t  U b e  a n  open
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c o n n e c t e d  s e t  c o n t a i n i n g  x  so  t h a t  d £ U. We may a s su m e  
x n e U f o r  a l l  n . L e t  h e  an a r c  f r o m  x  t o  x fi i n
U. Then U [ 0 * x ]  c o n t a i n s  an  a r c  A f r o m  0 t o  x f i .
S i n c e  <3(0,x n ) i s  an A - s e t *  A c  c , ( 0 , x ^ )  . B u t  d e [ 0 * x ]  so  
d e A s i n c e  d Afi c U. T h u s  d i s  a c u t p o i n t  o f  
<3(0,x n ) an d  h e n c e  i n  [ 0 * x  ] .  So we may a s su m e  [ 0 , x n ] 
f o r  a l l  n .
We now show t h a t  y^ = s u p ( [ 0 * x n ] fl D)-» x* w h e re  sup
i s  i n  t h e  o r d e r  f r o m  0 t o  x n i n  [ 0 * x n ] ,  I t  s u f f i c e s  t o
show t h a t  f o r  a n y  open  c o n n e c t e d  s e t  U c o n t a i n i n g  x* 
x fi e U i m p l i e s  y n e U. To t h i s  e n d  l e t  x^  h e  an e l e m e n t  
o f  an open  c o n n e c t e d  s e t  U c o n t a i n i n g  x .  I f  x fi e D t h e n
x n = y n an d  t h e  i m p l i c a t i o n  i s  t r u e .  I f  x^  £ fh  t h e n
= F ( C ( x n *X\D))  and  h e n c e  yn i s  an. e l e m e n t  o f  a n y  a r c
f r o m  x t o  x . Bu t  U i s  a r c w i s e  c o n n e c t e d *  s o  yn e U.
S i n c e  s u p ( [ 0 * x n ] n D) -♦ sup  ([ 0 * x ]  fl D) * a n  a r g u m e n t  
s i m i l a r  t o  Case I  shows t h a t  [ 0 * x n ] fl D - > [ 0 * x ] 0 D o  However* 
[ 0 * x n ] n ( d ( o * x ) \ d )  = [ 0 * x ]  n ( a ( o * x ) \ D ) ,  s o  
[ 0 * x n ] fl <3(0*x) -» [ 0 * x ]  fl (3 (0*x)  = [ 0 * x ] .  We t h u s  h a v e
[ 0 * x ] c r l i m  i n f  [ 0 *x ] .
We now show l i m  sup  [ 0 * x n ] c  [ 0 * x ]  . L e t  y  e l i m  s u p [  0 * x n ]
an d  l e t  x ^ " be a s u b s e q u e n c e  o f  x n s u c h  t h a t
y  e l i m  i n f  [0 * x  ] .  I f  y e  <3(0*x) ,  t h e n  t h e  ab o v e  
a r g u m e n t  shows y  e [ 0 * x ] .  S u p p o s e  y  £ <3(0*x) . L e t
K = C ( y ,X \< 3 ( 0 * x ) ) .  S i n c e  K i s  open* we may a s su m e  x ^ e K
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f o r  a l l  n .  Thus  sup  ([ 0 , x ^ ]  fl 3 ( 0 , x ))  = F(K) f o r  a l l  n .  
H ow ever  sup. ( [ 0 , x ^ ]  D 3 ( 0 , x ) )  -* x ,  s o  x  = F (K)  an d  h e n c e  
x e [ 0 , y ] .
We s h a l l  show t h a t  x an d  y  b e l o n g  t o  t h e  same 
c y c l i c  e l e m e n t  o f  X . I t  s u f f i c e s  t o  show t h a t  x a n d  y  
c a n n o t  b e  s e p a r a t e d  i n  X. To t h i s  e n d  s u p p o s e  X \ ( p } = A U B  
w h e re  A an d  B a r e  op en  d i s j o i n t  s e t s  s u c h  t h a t  x e A, 
y  e B.  We may a s su m e  t h a t  x ^  e A a n d  [ 0 , x ^ ]  D B =j= □  f o r  
a l l  n .  L e t  e [ 0 , x ^ ]  H B, l e t  [ x , q n ] b e  t h e  s u b a r c  o f
[ 0 , x ^ ]  f r o m  x t o  q , an d  l e t  s u b a r c  o f
[ 0 , x ^ ]  f r o m  qn t o  x^  . S i n c e  x  e A and  q^ e B,
P e [ x , q n ] ;  s i n c e  qn e B a n d  x n e A, p e [ q n *x n ] -  T h i s  
m eans  [ 0 , x ^ ]  i s  n o t  an. a r c ,  a c o n t r a d i c t i o n .  T h u s  x an d  
y  c a n n o t  b e  s e p a r a t e d  i n  X an d  m u s t  h e n c e  b e  c o n t a i n e d  
i n  a  c y c l i c  e l e m e n t  D-^.
I f  x^  e D^, t h e n  s i n c e  i s  h o m e o m o rp h ic  t o
I x l ,  [ 0 , x ^ ]  n D1 -♦ [ 0 , x ]  n D1 = x ,  a n d  h e n c e  [ 0 , x ^ ] -» [ 0 , x ]  . 
I f  x^  |  l e t  zn = F ( C ( x ^ , X \ D 1 ) ) . Then  f o r  e a c h  open
c o n n e c t e d  s e t  U c o n t a i n i n g  x ,  x^  e U i m p l i e s  x n e U. A l s o  
f o r  e a c h  open  c o n n e c t e d  s e t  V c o n t a i n i n g  y ,  [ 0 , x ^ ]  f l V ^ D  
i m p l i e s  zfi e V. Thus  z -♦ x  a n d  ■> y ,  o r  x = y .  T h i s  
c o m p l e t e s  t h e  p r o o f  o f  C ase  I I .
Case  I I I  x  e F (X )  an d  x  i s  an  e n d  p o i n t  o f  3 ( 0 , x ) .
T h e n  t h e r e  e x i s t s  a s e q u e n c e  {t .} o f  o u t p o i n t s  o f  3 ( 0 , x ) ,
J
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a n d  h e n c e  o f  [ 0 , x ] ,  s u c h  t h a t  f t . }  -+ x .
3
We s h a l l  show t h a t  [ 0 , x  ] (1 C,(0 , x )  •* [ 0 , x ]  b y  s h o w in g
t h a t  [ ° J x n ] A [ 0 ^oc] e v e n t u a l l y  i n t e r s e c t s  a n y  o p en  s e t
c o n t a i n i n g  x .  To t h i s  en d  l e t  U b e  an o p en  s e t  c o n t a i n i n g
x a n d  t  . e U. L e t  W b e  an o p en  c o n n e c t e d  s e t  s o  t h a t  
  ^o
t  . ^ W • We may a s su m e  x n e W f o r  a l l  n . I f
J o
x e ( 3 ( 0 , x ) ,  t h e n  t  . e [ 0 , x  ] an d  h e n c e  t  . e [ 0 , x  ] fl [ 0 , x ] H U .
n J o J o
I f  xn ^ <3(0 ,x ) ,  l e t  yn = sup  ( [ 0 , x n ] f l  <3(0 ,x ) )  =
P ( C ( x  , X \ s ( 0 , x ) ) . Then y n i s  an e l e m e n t  o f  a n y  a r c  f r o m
x t o  x . S i n c e  U i s  a r c  w i s e  c o n n e c t e d ,  y n e U. Bu t
t h e n  t .  e [ 0 , y  ] c  [ 0 , x  ] ,  so  t .  e [ 0 , x  ] f lV ,  a n d  t h e  
^o o
s t a t e m e n t  i s  p r o v e n .
S i n c e  [ 0 , x  ] fl <3(0 ,x )  -* [ 0 , x ] ,  we h a v e  t h a t  
[ 0 , x ]  c  l i m  i n f  [ 0 , x  ] .  An a r g u m e n t  s i m i l a r  t o  Case  I I  
shows t h a t  l i m  sup  [ ° , x  ] c  [ 0 , x ] .  T h i s  c o m p l e t e s  t h e  p r o o f
o f  C la im  4 an d  t h e  p r o o f  o f  t h e  t h e o r e m .
2 . 6  C o r o l l a r y  L e t  X b e  a r e t r a c t  o f  a t w o - c e l l  s u c h  t h a t
X h a s  a  f r e e  t w o - c e l l .  Then X a d m i t s  t h e  s t r u c t u r e  o f  a
s e m i l a t t i c e  w i t h  i d e n t i t y .
P r o o f  L e t  A b e  a f r e e  t w o - c e l l  i n  X a n d  l e t  p = F ( A ) .
Then  (X\A)*  i s  an A - s e t  and  h e n c e  a l o c a l l y  c o n n e c t e d  
c o n t i n u u m  e v e r y  t r u e  c y c l i c  e l e m e n t  o f  w h i c h  i s  a t w o - c e l l .
So (X \A )*  i s  a r e t r a c t  o f  a t w o - c e l l .  S i n c e  p e F ( A ) ,  b y
15
T h e o re m  2 . 5  (X \A )*  a d m i t s  a weak r u l i n g  w i t h  p  = 0.
S i n c e  A i s  a t w o - c e l l  we may c o n s i d e r  i t  t o  he I x l  w i t h  
p = ( 0 , 0 ) .  Then A may b e  w e a k l y  r u l l e d  Toy 
-  ( s t r a i g h t  l i n e s  f r o m  ( 0 , 0 )  t o  ( x , y ) : x  o r  y  = 1) . S e t  
(2 ~ Cl^ U # 2  a n d  Cl i s  a weak  r u l i n g  o f  X w i t h  p  = 0 .  
M o r e o v e r  X may b e  em b ed d ed  i n  a t w o - c e l l  N so t h a t  
X 0 [ N fl ( A n ) * ]  = [ ( 0 , 0 ) ,  ( 1 , 0 ) ]  e £7. By a t h e o r e m  o f  
E b e r h a r t  [ 4 ] ,  t h i s  i m p l i e s  t h a t  X a d m i t s  t h e  s t r u c t u r e  o f  a 
s e m i l a t t i c e  w i t h  i d e n t i t y .
S e c t i o n  I I
We now c o n s i d e r  t h e  c a s e  when X h a s  no f r e e  t w o ­
c e l l .  U n t i l  o t h e r w i s e  s t a t e d ,  X i s  a s s u m e d  t o  b e  a  r e t r a c t  
o f  a t w o - c e l l  w h i c h  h a s  n o  f r e e  t w o - c e l l  a n d  w h ich  i s  n o t  a 
p o i n t .
2 .7  Lemma X c o n t a i n s  a t  l e a s t  two end p o i n t s .
P r o o f  F i r s t  n o t e  t h a t  X h a s  m o re  t h a n  one  c y c l i c  e l e m e n t .  
I t  t h e r e f o r e  c o n t a i n s  a c u t p o i n t  and  so X h a s  a t  l e a s t  two 
n o d e s ,  w h i c h  i n  t h i s  c a s e  m u s t  b e  e n d  p o i n t s .
L e t  0 a n d  1 b e  tw o  o f  t h e s e  en d  p o i n t s  and  l e t  
Kq = G ( 0 , 1 ) .
2 . 8  Lemma T h e r e  e x i s t  tw o  d i s t i n c t  s e q u e n c e s  {p^} a n d  
( q ^ j  i n  X s u c h  t h a t
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1 ) V± = 0 ,  Q]_ = 1
1 1 )  E a c h  an d  q^ I s  an  e l e m e n t  o f  F(X)
a n d  s u c h  t h a t  t h e  c y c l i c  c h a i n s  C ^ p ^ q ^ )  h a v e  t h e  f o l l o w i n g  
p r o p e r t i e s
1 1 1 )  F o r  e a c h  1 ,  p i  = C '(v±J q ± ) n [  j U ^ ( P j ,  q^ ) ]
n 00
i v )  S e t t i n g  H = UnC-(p*q, ) and  H = U,H ,ij 1=1  -1- x n=±
e v e r y  p o i n t  o f  X\H i s  an en d  p o i n t  o f  X an d
t h u s  H = X .
v )  The d i a m e t e r  o f  t h e  c o m p o n e n t s  o f  S \Hn t e n d s
t o  0 u n i f o r m l y  w i t h  ^  .
P r o o f  T h i s  lemma i s  p r o v e n  i n  Whyburn ([ ] ,  p . 73) 
w i t h o u t  c o n c l u s i o n s  i )  a n d  i i ) . We s h a l l  show t h a t  t h e s e  
a r e  a l s o  t r u e .  W h y b u rn ' s p r o o f  c o n s i d e r s  a  s e q u e n c e  
{r ^ s u c h  t h a t  ( f r i  )” -]_)* = ^  an d  s e t s  p ^  = r ,  Q.q = r 2 *
CO
C l e a r l y  ( r q)j__q may t>e c h o s e n  so  t h a t  r ^  = 0 an d  r ^  = 1 .
T h u s  i )  i s  s a t i s f i e d .  I n  e a c h  f l< (p ^ ,q ^ ) ,  i f  q^ i s  n o t  i n
F ( X ) ,  t h e n  q. e D . °  f o r  some t r u e  c y c l i c  e l e m e n t  D.„
J J
S i n c e  X h a s  n o  f r e e  t w o - c e l l s ,  F ( D . )  c o n s i s t s  o f  m ore  t h a ncJ
o n e  p o i n t .  One o f  t h e s e  p o i n t s  i s  t h e  b o u n d a r y  o f
C ( p , X \ D . ) .  L e t  q.  b e  a n y  o t h e r  p o i n t  i n  F(D . ) .  ThenJ i j
) = ^(Pj_jCtq)* H en ce  we may a s su m e  e a c h  q^ e F ( X ) .
I n  W h y b u r n ' s p r o o f ,  p ^  was c h o s e n  t o  b e  i n  F ( X ) .  So i i )
i s  s a t i s f i e d .
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2 .9  Lemma Let p and q be d i s t i n c t  e lem en ts  o f  F(X). 
Then 0, ( p ,q )  admits  th e  s t r u c t u r e  o f  a s e m i l a t t i c e  w i th  zero  
p and i d e n t i t y  q.
P roof  For each t r u e  c y c l i c  element o f  <3(p.,q) l e t  h^ 
be a homeomorphism o f  I x l  onto  so t h a t
F o r  e a c h  x e CJ,(p ,q) ,  l e t  L ( x )  b e  t h e  u n i o n  o f  a l l  c y c l i c  
e l e m e n t s  D ( t r u e  o r  d e g e n e r a t e )  s u c h  t h a t  x e  C ( 1 , X \ D ) ,
a n d  x .  Then f o r  x , y  e X, i f  x a n d  y  e D f o r  some 
c y c l i c  e l e m e n t  D t h e n  x A y e  D, I f  some c y c l i c  e l e m e n t  D.X
c o n t a i n i n g  x s e p a r a t e s  y  f r o m  0 , t h e n  x A y  = x .  I t  
i s  c l e a r  t h a t  p i s  t h e  z e r o  a n d  q t h e  i d e n t i t y .
The p r e c e d i n g  tw o  lemmas h a v e  shown t h a t  t h e r e  i s  a 
d e n s e  c o l l e c t i o n  o f  c y c l i c  c h a i n s  i n  X e a c h  o f  w h i c h  a d m i t s  
t h e  s t r u c t u r e  o f  a  s e m i l a t t i c e  w i t h  i d e n t i t y .  The f o l l o w i n g  
tw o  lemmas g i v e  t h e  t o o l s  f o r  p u t t i n g  t h e s e  s t r u c t u r e s  
t o g e t h e r .
p i f  p e
/
D± 0 [ C ( q ,X \ D i ) ]*  i f  q  |  D. 
q i f  q i  D. .
t o g e t h e r  w i t h  tm ( L ( h ^ - ^ ( x ) ) )  f o r  e a c h  t h a t  c o n t a i n s  x ,
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2 . 1 0  Lemma Suppose Pp*P2 .>q.qj an^ q2 a re  e lements  of  
F(X )  and suppose (MPpjqp) and (^(pg, q2 ) a re  endowed w ith
a s e m i l a t t i c e  s t r u c t u r e  by Lemma 2 .9  so t h a t  p^ i s  th e
ze ro  and q-^  t h e  i d e n t i t y  o f  C-(pp,qp),  and p 2 i s  th e
ze ro  and q2 th e  i d e n t i t y  o f  C^Pg^qg)* t  be a c u t ­
p o in t  o f  C-(pp^qp). Then t h e r e  e x i s t s  a. min t h r e a d  Tg from 
Pg t o  qg in  <3-(pg,qg) and a con t inuous  onto  homomorphism 
h :C - (p 1 5 q 1 ) -» Tg such t h a t  h-1  ( q 2 ) = [ C (q 1 ,C-(p1 , qx) \  ( t ) ) ] * .
P r o o f  A s h o r t  p r o o f  o f  t h i s  lemma e x i s t s  u s i n g  t h e  
f o l l o w i n g  u n p u b l i s h e d  r e s u l t  o f  P r o f e s s o r  J im m ie  Lawson:
L e t  X b e  a c o m p a c t  c o n n e c t e d  l o c a l l y  c o n n e c t e d  m e t r i c  
f i n i t e - d i m e n s i o n a l  s e m i l a t t i c e .  Then f o r  t  e X t h e r e  
e x i s t s  a min  t h r e a d  T f r o m  0 t o  t  a n d  a f u n c t i o n
f : X  -* T w h i c h  i s  a hom om orph ism  and  a  r e t r a c t i o n .
I f  we l e t  Tp b e  s u c h  a min  t h r e a d  i n  <3(Pp ,qp)  f r o m  
p ^  t o  t  a n d  h  t h e  ho m o m o rp h ic  r e t r a c t i o n  f r o m  <3(pp ,qp )  
o n t o  T-^, t h e n  h  f o l l o w e d  b y  a  hom eom orph ism  b e t w e e n  Tp 
a n d  Tg y i e l d s  t h e  d e s i r e d  r e s u l t .
F o r  t h e  s a k e  o f  c o m p l e t e n e s s , we i n c l u d e  h e r e  a  p r o o f  
o f  L a w s o n ' s  r e s u l t  i n  t h e  c a s e  when X i s  a c y c l i c  c h a i n  
^ ( P j Q) endow ed  w i t h  a s e m i l a t t i c e  s t r u c t u r e  b y  Lemma 2 . 9  
so  t h a t  q i s  t h e  i d e n t i t y  an d  p t h e  z e r o ,  a n d  t  i s  a
c u t p o i n t  o f  C - ( p ^ q ) .
F o r  e a c h  t r u e  c y c l i c  e l e m e n t  o f  < 3 ( p , t )  l e t  h^  b e
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t h e  h o m eo m o rp h ism  o f  I x l  o n t o  d e f i n e d  i n  Lemma 2 .9 *  L e t  
be t h e  im a g e  u n d e r  o f  f ( x , x ) | x  e I } .  L e t
= <3 ( p , t  ) \  (Di \ A 1 ) an d  i n d u c t i v e l y  ^  = Q1_ 1\  (Di \ A 1 ) , an d  
l e t  A = fl . By an a r g u m e n t  s i m i l a r  t o  t h a t  u s e d  i n  s h o w in g
t h a t  [ 0 , e ]  was an a r c  i n  T h e o re m  2 , 5 ,  A i s  an a r c .  S i n c e
t h e  h ^ ' s u s e d  t o  d e f i n e  A a r e  t h e  same a s  t h o s e  u s e d  i n  
Lemma 2 . 9  t o  d e f i n e  m u l t i p l i c a t i o n ,  A i s  a m in  t h r e a d .
D e f i n e  a hom om orph ism  h : ( 3 ( p , q )  -» A b y  h ( x )  = t  i f  
x  e [ C ( l ,< S (p ,  q ) \  { t }) ]* an d  h ( x )  = sup  [a  e A |x  e M ( a ) ) i f  
x  e C (0 ,<3(p ,  q ) \  f t }) . To show t h i s  i s  a  hom om orph ism ,  l e t  
x , y  e t t ( p , q ) .  I f  x , y  e [ C ( l , f l . ( p ,  q ) \  f t }) ]* t h e n  
x y  e [ C ( l ,< 3 (p ,  q ) \  f t ) )  ] and  so  i n  t h i s  c a s e
h ( x )  h ( y )  = t  t  = t  = h ( x y )  . I f  x e [ C ( l , e ( p ,  q ) \  f t }) ] * and
y  e C ( 0 , i 3 ( p ,  q ) \  f t }) t h e n  h ( x )  = t ,  h ( y )  e C ( 0 , £ ( p ,  q) \  f t j ) ,  
a n d  x y  = y .  Hence  h ( x )  h ( y )  = t  h ( y )  = h ( y )  = h ( x y )  . A
s i m i l a r  a r g u m e n t  h a n d l e s  t h e  c a s e  when t h e  r o l e s  o f  x  an d
y  a r e  i n t e r c h a n g e d .  I f  x , y  e C ( 0 , d ( p , q ) \ f t ) )  an d  
x , y  e Di  f o r  some in. <3(p ,Q ) ,  t h e n  h ( x )  h ( y )  = h ( x y )
s i n c e  D^ i s  i s e o m o r p h i c  t o  I x l .  I f  x , y  f o r  an y
t h e n  t h e r e  e x i s t s  t  a  c u t p o i n t  t Q o f  <3(p ,q )  so 
t h a t  t  s e p a r a t e s  x a n d  y .  U s i n g  a r g u m e n t s  s i m i l a r  t o
t h o s e  a b o v e  f o r  x an d  y  i n  v a r i o u s  c o m p o n e n t s  o f
<3(p, q ) \  f t  ) ,  we h a v e  h ( x ) h ( y )  = h ( x , y )  . T h u s  h  i s  a 
h o m o m o rp h i  sm .
To show t h a t  h  i s  c o n t i n u o u s  we l e t  x -♦ x . I f
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x € C ( l ,< 3 (p j  q ) \  { t } ) t h e n  e v e n t u a l l y  h ( x n ) = t  = h ( x ) . I f  
x e C(0 ,<3(p ,  q ) \  f t }) we c o n s i d e r  tw o  c a s e s .  F i r s t  s u p p o s e  x 
i s  n o t  a c u t p o i n t  o f  f l - ( p , q ) .  Then x  e f o r  some c y c l i c
e l e m e n t  o f  C ' (p^q)  an d  x n i s  e v e n t u a l l y  i n  . S i n c e
i s  i s e o m o r p h i c  t o  I x l *  h ( x n ) M x ) . H ence  we may a s su m e
t h a t  x i s  a c u t p o i n t  o f  C ' ( p ^ q ) .  L e t
| V }  = fxn : x n e C ( l , 0 . ( p , q ) \  [ x ] )} a n d  f x "  } =
■^x n : x n e cl ) \   ^ x an  e n d p o i n t  o f
C(0 ,(2/ (p j  q ) \  f x ] ) t h e n  u s i n g  t h e  f a c t  t h a t  f o r  a n y  
y  e C (0 ji3 (p j  q ) \  f t }) y  a n d  h ( y )  l i e  i n  t h e  same c y c l i c  
e l e m e n t , we s e e  t h a t  h ( x ^7 ) "* h ( x )  • x  -*-s n o ^ an  en(^
p o i n t  o f  C ( 0 j ( 3 ( p , q ) \  {x} t h e n  x e f o r  some i n
[ C (0^C-(p j q ) \  [ x }) ] . A g a in  s i n c e  i s  i s e o m o r p h i c  t o  I x l *
h ( x ^ )  -» h ( x )  . A s i m i l a r  a r g u m e n t  show s  h ( x )  • Thus
h  i s  c o n t i n u o u s  a n d  t h e  p r o o f  o f  t h e  lemma i s  c o m p l e t e .
N o t a t i o n  I f  x , y  e X,  t h e n  h y  X / x ~ y  we mean t h e  q u o t i e n t  
s p a c e  o f  X i n  w h i c h  x  a n d  y  a r e  i d e n t i f i e d .
2 . 1 1  Lemma S u p p o s e  S an d  Q, a r e  a b e l i a n  - s e m i g r o u p s  s u c h  
t h a t  0 i s  t h e  z e r o  an d  1 t h e  i d e n t i t y  o f  S, e t h e  
z e r o  a n d  f  t h e  i d e n t i t y  o f  Q  ^ s a t i s f y i n g
i )  S = R U P  w i t h  r d  = r  f o r  r e  R, d e P .
i i )  R 0  P = fy )  .
O
i i i )  T h e r e  e x i s t s  a  = a e R s u c h  t h a t  aP = a .
i v )  T h e r e  e x i s t s  a t h r e a d  [ e , f ]  i n  Q a n d  a c o n t i n u o u s
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o n t o  hom om orphism  h : P  -» [ e , f ] .
Then B = ^ ^ / a ~ e  a d m i t s  t h e  s t r u c t u r e  o f  a  c o m m u t a t i v e
s e m i g r o u p  w i t h  z e r o  0 an d  i d e n t i t y  1 w h ic h  a g r e e s  w i t h  e a c h  
o f  t h e  o r i g i n a l  s t r u c t u r e s  on S an d  Q a n d  s u c h  t h a t  a n y
H e r e  j u x t a p o s i t i o n  m eans  p r o d u c t  i n  S i f  b o t h  e l e m e n t s  a r e
i n  S o r  p r o d u c t  i n  Q, i f  b o t h  e l e m e n t s  a r e  i n  Q. N o te
t h a t  t h i s  m u l t i p l i c a t i o n  i s  c o m m u t a t i v e
A s s o c i a t i v i t y : L e t  r  e R, p e P ,  q e Q.
i )  Show t h a t  t h e  p r o d u c t  o f  r , p ,  an d  q i n  a n y  o r d e r  an d  
g r o u p i n g  i s  r a .
( r * p ) * q  = q* ( r * p )  = ( p * r ) * q  = q* (p* r )=  q* (p r)=  a ( p r ) =  a r  s i n c e  p r =  r . 
( r* q )* p  = ( q * r ) * p  = p* ( q * r )  = p* ( r * q ) =  p* ( r a )=  p r a  = r a  s i n c e p r  = r .  
( p * q ) * r  = (q * p )* r  = r *  ( q * p ) =  r *  (p*q)= r *  ( h ( p ) q ) =  r a  s i n c e  h ( p ) q  e Q.
i i )  Show t h a t  i f  T\ > T2_ e R an<  ^ Q € Q t h e n  t h e  p r o d u c t  o f
a n d  q i n  a n y  o r d e r  i s  a r ^ r ^ .  (r-L* r 2)*q=q* ( r 1 * r 2 ) = 
q * ( r 1 r 2 ) = a r - jT g .
d e H“ ^ ( f )  a c t s  a s  an i d e n t i t y  f o r  R U Q .
P r o o f  D e f i n e  * on S (J Q, b y
( r 1 * q ) * r 2 = ( q * r 1 ) * r 2 = r g* ( q * r 1)=  r g* ( r ^ q )  = r 2* ( r 1 a ) = r 2 r 1 a = a r 1 r 2 .
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i i i )  Show t h e  p r o d u c t  o f  P 1 ^ P 2 a n d  q a n y  o r d e r  an d  
g r o u p i n g  i s  h ( p 1 ) h ( p 2 ) q  .
(p l * p 2 ) * q = q * ( p ! * p 2 ) = q h (p 1 )h (p 2 ) -  
(j?q*q) * p 2 = (q *p q) *p 2 =P 2*( q*p q ) “  p 2*(p i* q ) = p 2*^h (p 2 ) h (p l ) q '
i v )  Show t h a t  t h e  p r o d u c t  o f  r , q - ^  a n d  q 2 i n a n y  ° r q e r  a n d 
g r o u p i n g  i s  a c  ...r* (q1 * q 2 ) = ( q q * q 2 ) * r  = a r  s i n c e  q.]_q2 e Q.
(q1 * r ) * q 2 = ( r * q ]_)*q2 = q 2 * ( r * q 1) = q 2 *(q1 * r )  = q 2* ( a r )  = a ( a r )  = a r .
v )  Show t h a t  t h e  p r o d u c t  o f  p ,  q ^ ,  a n d  q 2 i n  a n y  o r d e r  an d  
g r o u p i n g  i s  q x q 2h ( p )
p * ( q i * q 2 ) = (qq*q2 )*p = q1q2h ( p j = ( q f p )*q2 = 
q 2*(qq*p ) = q2* ( p *qq) = (p *qq)*q2 = ( h ( p ) q 1 )*q2 = h ( p )q1q2 -
T h u s  SUQ i s  a c o m m u t a t i v e  s e m i g r o u p .  D e f i n e  a n  e q u i v a l e n c e  
r e l a t i o n  on SUQ h y  a ~  e .  T h i s  i s  a  c l o s e d  c o n g r u e n c e  
s i n c e  ax  = e x  f o r  a l l  x  e SUQ. H en ce  B = ^ * ^ / a ~ e  , 
t h e  q u o t i e n t  s p a c e  o f  t h i s  c o n g r u e n c e ,  a d m i t s  t h e  s t r u c t u r e  
o f  a c o m m u t a t i v e  s e m i g r o u p  w i t h  z e r o  0  a n d  i d e n t i t y  1 .
I f  x e h - "L( f )  t h e n  f o r  a n y  r  e R, x r  = r  s i n c e
x e P ,  a n d  f o r  a n y  q e Q, x q  = h ( x ) q = f q  = q .  So a n y  e l e m e n t
o f  h ” ^ ( f )  a c t s  a s  an i d e n t i t y  f o r  RUQ. T h i s  c o m p l e t e s
t h e  p r o o f  o f  t h e  lemma .
00R e c a l l  f r o m  Lemma 2 . 8  t h a t  H = . U <3(p n- j q n- ) •1 = 1 •*“ -J-
We now g i v e
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2 . 1 2  A l g o r i t h m  f o r  d e f i n i n g  m u l t i p l i c a t i o n  on H.
S i n c e  1 i s  an e n d  p o i n t ,  t h e r e  e x i s t s  a
s e q u e n c e  o f  o u t p o i n t s  o f  <3 ( 0 , 1 ) s u c h  t h a t  t  ^ s e p a r a t e s  
t  f r o m  1 f o r  e a c h  n., a n d  { tn } -* 1 .  R e c a l l  t h a t  
Kq = <3(0 ,1 )  = 3 (p -^ ,q -L) i n  t h e  c o l l e c t i o n  o f  c y c l i c  c h a i n s  
c o n s t r u c t e d  i n  Lemma 2 . 8 .  L e t  = <S(p2 , q 2 ) .  Then 
A i  H Kq = Pg» L e t  n^  b e  t h e  s m a l l e s t  i n t e g e r  s u c h  t h a t  
t n s e p a r a t e s  p 2 f r o m  1 .  Make t h e  f o l l o w i n g  d e f i n i t i o n s :
i )  Q = A^ = 3 ( p 2 , q 2 ) ’t l ie  s e m i l a t t i c e  s t r u c t u r e
o f  Lemma 2 . 9  so  t h a t  p 2 i s  t h e  z e r o ,  q 2 t h e  
i d e n t i t y .
i i )  P = [ C ( l , K 0\ f t  } ) ] * ,  R = [ C( 0 , Kq\  (t n _^ }) ]*  , 
an d  R fl D = y  = t
1
i i i ) a = p 2
i v )  h : P  -» i s  t h e  c o n t i n u o u s  o n t o  hom om orph ism  o f  
Lemma 2 . 1 0  w h e re  i s  a t h r e a d  f r o m  p 2 t o  q 2
a n d  t  = t  when n p i s  t h e  s m a l l e s t
"^2
i n t e g e r  > n-^ s u c h  t h a t  t h e r e  e x i s t s  a  < 3 (p ^ ,q ^ )
so  t h a t  3 ( p i , q j_) 0 [ ^ U A j  = p ± e
C (0 ,  (K U A ) \ ( t  ) ) .  I f  n o  s u c h  n p e x i s t s ,  t h e n
2
H = K U A a n d  so  l e t  n c = n.n + 1 .  o 2 1
Then  t h e  c o n d i t i o n s  o f  Lemma 2 . 1 1  a r e  s a t i s f i e d  a n d  h e n c e  
= KQ U A-  ^ a d m i t s  t h e  s t r u c t u r e  o f  a s e m i l a t t i c e  w i t h
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z e r o  0 an d  i d e n t i t y  1 .  N o te  b y  Lemmas 2 . 9  a n d  2 . 1 1  a n y
•¥r
e l e m e n t  o f  [ C ( 1 , K - A { t  } ) ]  a c t s  a s  an i d e n t i t y  f o r  a n yx 2
e l e m e n t  o f  [ C ( 0 , K . A [ t  } ) ] * .
X Ij
S u p p o s e  t h a t  a s e m i l a t t i c e  s t r u c t u r e  w i t h  z e r o  0 a n d
i d e n t i t y  1 h a s  b e e n  d e f i n e d  on so  t h a t  a n y  e l e m e n t
*x*
[ C ( l , K . \ [ t  } ) ]  a c t s  a s  an i d e n t i t y  f o r  a n y  e l e m e n t
1 l + l
o f  [ C ( 0 , K \ { t  } ) ] * .
i +1
L e t  A. n be  t h a t  £J.(p . , q . )  o f  l e a s t  i n d e x  s u c h  t h a t
*4 i -L <J cJ
n K± = p ± e C ( 0 ,K ±\  f t n  ] )  • n o  s u c h  & ( P j , q j )
e x i s t s  t h e n  K. = H s i n c e  a t  t h e  i  s t a g e  t  was
1 i +1
c h o s e n  s o  t h a t  s u c h  a  fl-(p . , q . )  w o u ld  e x i s t  w e r e  t h e
J J
c o l l e c t i o n  o f  Lemma 2 . 9  n o t  e x h a u s t e d ,  a n d  so  we w o u ld  b e  
d o n e ) .  L e t  n p+ 2 smaH -e s t  s u b s c r i p t  l a r g e r  t h a n
n i + l  so  t h a t  t h e r e  e x i s t s  a  <3<(Pk *qk ) s u c h  t h a t
<^(Pk . qk )H. (K. U Ai + 1 ) = P k  e C (0 ,  K. U A± + 1 ) \  f t  }) • I f  no
s u c h  n ^ + 2 e x i s t s  t h e n  H = U so  l e t  n j_+ p = n i + l  + ^°
S a t i s f y  t h e  c o n d i t i o n s  o f  Lemma 2 . 1 1  a s  f o l l o w s :
i )  R = [ C ( 0 ,  K . \  [ t  } ) ] *  P = [ C ( l , K . \ { t  ) ) ] * ,i  n ±+1  i  1 + 1.
a n d  y  = t ^  ^ = RH P .
i i )  Q, = A1+1  w i t h  t h e  s e m i l a t t i c e  s t r u c t u r e  o f
Lemma 2 . 8  s o  t h a t  t h e  z e r o  i s  p .  an d  t h e
J
i d e n t i t y  i s  q .
i i i )  a  = p .  .
J
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i v )  L e t  h : P  -» T . b e  t h e  c o n t i n u o u s  o n t o
J
hom om orphism  o f  Lemma 2 . 1 0  w h e r e  T .  i s  a
J
t h r e a d  f r o m  p . t o  q .  i n  £j(p . , q . )  a n d  t  i s
J J J J i + 2
t h e  t  o f  Lemma 2 . 1 0 .
S e t  K. . n = K. U A. . Then b y  Lemma 2 . 1 1  K. a d m i t s  t h el + l  l  l + l  J l + l
s t r u c t u r e  o f  a  s e m i l a t t i c e  w i t h  z e r o  0 a n d  i d e n t i t y  1 so
'ft
t h a t  a n y  e l e m e n t  o f  [ C ( 1 ,K .  \  f t  } ) ]  a c t s  a s  an1+1  n1 + 2
i d e n t i t y  f o r  [ C ( 0 , K .  A  f t  ] ) ] * .
i +2
00
By i n d u c t i o n  we h a v e  t h a t  e a c h  K a n d  a l s o  U K
n  n = l  n
a d m i t s  t h e  s t r u c t u r e  o f  a  s e m i l a t t i c e  w i t h  z e r o  0  a n d
00
i d e n t i t y  1 .  We now show t h a t  H = U K .  .
i = l  1
F o r  a n y  < 3 ( p . , q . )  i n  H, < 3 ( p - , q . )  c a n  b e  j o i n e d  t o  J d d d
G ( 0 , 1 ) = K b y  a f i n i t e  c h a i n  &(p  . , q .  ) ,  . . .  <3( p .  , q .  ) .
J 1 J 1 J m J m
T h i s  c h a i n  i n t e r s e c t s  Kq i n  a  p o i n t  x  , a n d  x c a n  b e
s e p a r a t e d  f r o m  1 b y  some t  s i n c e  "* 1 a n  enc  ^ p o i n t .
o
L e t  & = n Q + j 1 + . . . +  j m . Then  ( J ( p j , q . )  c  a n d  t h e
c l a i m  i s  p r o v e n .
We now show t h a t  t h i s  m u l t i p l i c a t i o n  i s  u n i f o r m l y  
c o n t i n u o u s  on H a n d  h e n c e  e x t e n d a b l e  t o  X.
2 . 1 3  D e f i n i t i o n  F o r  e a c h  n e hi,  d e f i n e  n : X  -» b y
(  x i f  x e K 
n ( x ) = <
\  F ( x , X \ K n ) i f  x  \  Kn .
2b
2 . 1 4  Lemma F o r  e a c h  n ,  n  i s  a  r e t r a c t i o n ,  a n d  t h e
00
r e s t r i c t i o n  o f  n  t o  u K. i s  a  hom om orph ism .
i = l  1
P r o o f  L e t  f x ^ ]  x .  I f  x  £ K t h e n  x  i s  a n  e l e m e n t  
o f  some c o m p o n e n t  C o f  • S i n c e  C i s  o p e n ,  x^  e C
f o r  s u f f i c i e n t l y  l a r g e  i  a n d  h e n c e  n ( x ^ )  = n ( x )  f o r  
s u f f i c i e n t l y  l a r g e  i .  So i n  t h i s  c a s e ,  n ( x ^ )  -* n ( x ) . I f  
x  e K , b r e a k  (x ^ )  i n t o  two s e q u e n c e s  {xf} c  Kn  a n d  
f x ( 7} c  Then n ( x ^ )  = x (  -* x  = n ( x )  . As  f o r  t h e
n
//
s e q u e n c e  f x ' 7] ,  we l e t  U b e  an  o p e n  s e t  c o n t a i n i n g  x  an d
show {x^} i s  e v e n t u a l l y  i n  U. T h e r e  e x i s t s  a n  o p e n  
c o n n e c t e d  s e t  V s u c h  t h a t  x  e V cu .  F o r  e a c h  x f 7 e., V, t h e r e  
e x i s t s  an  a r c  [ x , x ( 7] j- V. S i n c e  x / 7 |  Kn , C ( x / 7,X \K n ) h a s  
n ( x ^ 7) a s  i t s  b o u n d a r y .  T h u s  n ( x ^ )  £ [ x ,  x f 7] c  V, a n d  so
x ± e V  i m p l i e s  n ( x ^ )  e V a n d  n ( x ^ )  i s  e v e n t u a l l y  i n  U. 
H ence  n  i s  a  r e t r a c t i o n
IWe now show t h a t  n |  U K. ( t h e  r e s t r i c t i o n  o f  n  t o
i = l  1
i - l ^ i ^  a ^omomorP^ 1i sm- F i r s t  n o t e  t h a t  i f  m > n t h e n
m o n  = n .  We show t h a t  n |K n + 1  i s  a  h o m o m o rp h ism .  L e t
P , i , R , 3 a n d  Q ,  b e  t h e  s e t s  t o  w h i c h  Lemma 2 . 1 1  wasn + 1  n +1  v i+ l
a p p l i e d  a t  t h e  ( n + l ) s t  s t a g e .  I f  p e Pn + 1 , r  e Rn + 1 , a n d
q e Qn + 1  t h e n  n ( p q )  = n ( h ( p ) q )  = a  = n ( p ) a  = n ( p ) n ( q )  an d
n ( c q )  = n ( c a )  = c a  = n ( c ) n ( q ) .  So n lK n + ^ t s  a  homo­
m o r p h i s m .  Now s u p p o s e  t h a t  n | K m+-^  i s  a  hom om orph ism  f o r  
some m > n .  S i n c e  i s  a  h om om orph ism  a n d
n ' Km+l = n ' Km o m l Km+l we h a v e  t h a t  n ' Km+l i s  a
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h o m o m o rp h ism .  T h u s  b y  i n d u c t i o n  a h o m o m orph ism .
N o t a t i o n :  I f  f t ( p . , q . )  = A_, s e t  p.. = p„.m .
J J ^ J J
We now p r o v e  t h e  lemma w h i c h  a l l o w s  t h e  e x t e n s i o n  o f
00
t h e  m u l t i p l i c a t i o n  on t o  X.
2 . 1 5  Lemma L e t  x , y  e X a n d  l e t  {xn ) -» x a n d  {yn } -> y
00
w h e re  x^  an d  y  a r e  e l e m e n t s  o f  . U..K. f o r  e a c h  n .  Thenn n  1=1  1
t h e r e  e x i s t s  z e X s u c h  t h a t  *♦ z a n d  z i s
i n d e p e n d e n t  o f  t h e  c h o i c e  o f  {xn } an d  [ y n ] •
P r o o f  We d i s t i n g u i s h  f o u r  c a s e s .
C ase  I .  x = y  = 1 .  We s h a l l  show z = 1 .  L e t  
V. = ( s  e X | 0 ( s ) e C ( 1 ,K Q\ f t ^ j )} w h e re  0 ( s )  i s  t h e  
f u n c t i o n  d e f i n e d  f o r  t h e  n a t u r a l  n u m b e r  0 i n  D e f i n i t i o n  2 .1 3 *  
T hen  = C ( l , X \ { t ^ } )  an d  h e n c e  ^ 1 ^1=1  s an ° P en
n e i g h b o r h o o d  b a s i s  a t  1 .  We s h a l l  show t h e  f o l l o w i n g :
I f  z , w  e V ^ f l K  t h e n  zw e Kffl.
I f  z . w  e V. fl K t h i s  i s  c l e a r .  S u p p o s e  i t  i s  t r u e’ x o
w h e n e v e r  z ,  w e fl Km ^ f o r  some m > 1 , an d  s u p p o s e
z>w e V i riKm * R e c a l l  t h a t  U A^. T h e r e  a r e  tw o
p o s s i b i l i t i e s .  I f  z e Am a n d  w e Km_-  ^ t h e n  b y  t h e
e x t e n s i o n  a l g o r i t h m  e i t h e r  zw e w h i c h  i s  t h e
d e s i r e d  r e s u l t ,  o r  zw = p™ w . I n  t h i s  s e c o n d  c a s e
0 ( p . m) = 0 ( z ) so  p .m e V± n Km_ 1 an d  t h u s  b y  t h e  i n d u c t i o n
*
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h y p o t h e s i s  zw = V e (y j_ A *Sn_l) Sz (y i  ^ ) * .  The
s e c o n d  p o s s i b i l i t y  i s  t h a t  z an d  w a r e  b o t h  e l e m e n t s  o f
Am fl V . .  B u t  t h e n  zw e c ( ^ i ^ * S n ) *  and we are done •
T h u s  x y  e v !  f o r  s u f f i c i e n t l y  l a r g e  n ,  a n d  h e n c e  n ° n  1 °
fxn y n } ■* ! •  T h i s  i s  e a s i l y  s e e n  t o  b e  i n d e p e n d e n t  o f  t h e  
c h o i c e  o f  t h e  s e q u e n c e s  fx^} a n d  fy^}*
Case  I I  x 4= y  =|= -1.
L e t  N b e  an i n t e g e r  so  l a r g e  t h a t
° ( x ) j O ( y )  e C ( 0 ,K o\ { t ^ } )  an d  t h e  d i a m e t e r  o f  a n y  co m p o n e n t
o f  X\Kn < d (.x J-y ) . We may a s s u m e  t h a t  d (x n >yn) > y )-
and  0 ( x n ) ,  ° ( y n ) e ^ ( 0 , K o\ f t ^ j ) f o r  e a c h  - n . We now w i s h
t o  show t h a t  x n y n = N (xn )N (y n ) ;  t h i s  w i l l  b e  d o n e  b y  
00
i n d u c t i o n  on . The s t a t e m e n t  i s  o b v i o u s l y  t r u e  i f  x n *
yn e S u p p o s e  i t  i s  t r u e  w h e n e v e r  x n *yn e Kw+m f'o r  some
m > 0 ,  an d  l e t  x n , y n e KN+m+1 = KN+m + AN+m+1. I f
xn € AN+m+l an d  y n e KN+m t h e n  d y  d e f l n l t i o n  o f  m u l t i ­
p l i c a t i o n ,  x n y n = P j +m+1yn =y ( P j +m+1 ) N (yn ) = N (xn )N (y n ) • By 
s y m m e t r y ' t h e  s t a t e m e n t  i s  t r u e  i f  yn e AN+m+-^  a n d  
x n e KN+m. The c a s e  x n , y n e AN+m+ i  i s  i m p o s s i b l e  f o r  t h i s
w o u ld  mean t h a t  d (xn' j y n ) < d f o , y )- < d (x n -»yn )
We know t h a t  i s  a s e m i g r o u p  a n d  h e n c e
x n y n = N (x n ^ N ^y n^ N ( x ) N ( y )  = z .  None o f  t h e  a b o v e  d e p e n d s  
upon  t h e  s e q u e n c e s  [x ) a n d  fyn }-
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C a s e  I I I  x = y  ={= 1 .
I 00a )  x = y  <f . Then  x = y  i s  an e n d  p o i n t  o f  X a n d
t h e  n e i g h b o r h o o d s  o f  x  w i t h  a one  p o i n t  b o u n d a r y  f o r m  a
n e i g h b o r h o o d  b a s i s  a t  x .  M o r e o v e r  we n e e d  o n l y  c o n s i d e r
t h o s e  n e i g h b o r h o o d s  U s u c h  t h a t  U* fl Kq = □ .  We s h a l l
show t h a t  i f  U i s  s u c h  a n e i g h b o r h o o d  o f  x a n d  i f  
00
x n , y n e u  n (j_y.iKi )  t h e n  x n y n e U * . The p r o o f  w i l l  b e  b y  
i n d u c t i o n  on t h e  Km c o n t a i n i n g  x n a n d  y ^ . L e t  L be  
t h e  s m a l l e s t  s u b s c r i p t  s u c h  t h a t  fl U ^  Then f o r
x n , y n  6 KL 0 x n ' y n 6 AL 0 U s o  x n y n e (AL n u )* b y
d e f i n i t i o n  o f  t h e  m u l t i p l i c a t i o n  i n  t h e  c y c l i c  c h a i n  A^.
S u p p o s e  t h e  s t a t e m e n t  h a s  b e e n  shown t r u e  w h e n e v e r
V yn £ u n  KL+m f o r  some m ^  0 and l e t  x n ' yn £ 0 n  KL+m+l-
I f  xn € AL+m+l and yn £ KL+m th e n  x nyn = p j ' ^ yn £ <*1+mn U)*
b y  t h e  i n d u c t i o n  h y p o t h e s i s .  By s y m m e t r y  t h e  s t a t e m e n t  i s
t r u e  i f  y n e AL+m+1 a n d  x n <= KL+m- I f  x fi , y n  e AL+m+1 fl U
t h e n  x n y n e (A^+ + -^  fl U) b y  t h e  d e f i n i t i o n  o f  m u l t i p l i c a t i o n  
on t h e  c y c l i c  c h a i n  AL + m + l ’
U s i n g  t h i s  r e s u l t  we h a v e  t h a t  3 i s  e v e n t u a l l y
i n  an y  open  s e t  c o n t a i n i n g  x = y* a n d  h e n c e  fx n y n } x = y .
b )  x  = y  e some N. L e t  e > 0 .  T h e r e  e x i s t s  L > N so
t h a t  t h e  d i a m e t e r  o f  a n y  c o m p o n e n t  o f  x \ K ^  < e / 2 .  We may 
a s su m e  t h a t  d ( x n , x )  < e / 2  a n d  d ( y n , y )  < e / 2  f o r  e a c h  n .
! f  x n y n e Kl  t h e n
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x n y n  = L (xn y n )  = L ^ n ^ L ^y n^ "* L (x ) L ( y ) = x y  = x  = y .
I f  xn yn $ KL t h e n  Xn y n  e C(x n jX\ KL^ o r  x n y n e 0 ^yn ,X^ KL ^ * 
T h u s  d (x ;X n y n ) < d ( x , x n ) + d ( x n , x n y n ) < e o r  
o r  d (y>x n y n ) < d ( y ^ y n ) + d (yn ^x n y n ) < e * so  t h a t  i n  e i t h e r  
c a s e  d ( x * x  y f i ) = d (y*x y  ) < e .  T h i s  c o m p l e t e s  C ase  I I I .
Case  IV y  |  x  = l .  We f i r s t  e s t a b l i s h  tw o  f a c t s :
00
(A) I f  a*b  e . IL K .  so  t h a t  0 ( a )  e C ( 1 ,K  \ ( t  }) and' i = l  i  o m
0 ( b )  e C(0*KQ\ f t  }) t h e n  ab = 0 ( a ) b .
The p r o o f  i s  b y  i n d u c t i o n  on . F o r  a = 0 ( a ) *  i t
i s  c l e a r .  S u p p o s e  t h e  s t a t e m e n t  i s  t r u e  f o r  a e Km, m > 0 .  
L e t  a  e Am+-^  = <3(p^m+\  1j_m+"*’) • Then b |  ^ + 1  an d  so
ab  = p ^ m+^b = 0 (p ^ m+X)b = 0 ( a ) b  b y  t h e  way m u l t i p l i c a t i o n  
was d e f i n e d  on an d  b y  t h e  i n d u c t i o n  h y p o t h e s i s .  Thus
(A) i s  e s t a b l i s h e d .
00
(B) I f  a , b  € U s o  t h a t  a e  C ( l , K 0 \ [ t M3) a n d
0 ( b )  e C( 0 ^ K0 \ , { t j ^ j ) t h e n  ab = aM(b) o r  ab  e C-(b5M ( b ) ) .
A g a in  t h e  p r o o f  i s  b y  i n d u c t i o n  on  . I f  b e  
t h e n  b e an d  a e P^- so  ab  = b e < 3 ( b , M ( b ) ) .  S u p p o se
t h e  s t a t e m e n t  i s  t r u e  f o r  ’b e XM + ( k - l )  an(* ^ £ ^M+k" ^
a e C ( 1 ,K Q\  ( t M+k) )  t h e n  ab  e ® ( P j M+' ^ y n ) <= <3>(b,M(b)) .
I f  a  e [ C ( 0 , K o\  f t M+k] )  ]* t h e n  ab = a p ±M+k= aM(p±M+k) = 
aM(b)  b y  t h e  d e f i n i t i o n ,  o f  m u l t i p l i c a t i o n  o n  K^+k a n d  t h e
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i n d u c t i o n  h y p o t h e s i s .  T h u s  (B) i s  e s t a b l i s h e d .  We now 
d i s t i n g u i s h  two s u b c a s e s  o f  Case  IV .
S u b c a s e  1 y  e some M. L e t  e > 0 .  Choose  M so
l a r g e  t h a t  0 ( y )  e C ( 0 ,K  \ { t ^ } )  a n d  t h e  d i a m e t e r  o f  a n y  
c o m p o n e n t  o f  X\KM i s  < e / 2 .  We may a s su m e  t h a t
° ( y n ) e c ( 0 *Ko\  ^ m -1 ) and  0  (x n ) e 0 ( 1 ^Ko\ f t M ^  f o r  e a c h  n *
Then b y  (A ) ,  x n y n = 0 ( x n )y n  an d  b y  (B) 0 (xn ) y n = ° ( x n )M(yn ) 
o r  0 ( x n ) y n e ^ ( y n/ M ( y n ) ) .  I f  0 ( x n ) y n  = 0 ( x n )M(yn ) t h e n  
x n y n = ° ( x n ^ M^y n^ 1 #M(y )  = y  ^  t h e  c o n t i n u i t y  o f
m u l t i p l i c a t i o n  on K^. I f  ° ( x n ) y n 6 C ' & n ’ M (y n ) )  theY]
° ( xn ) yn 6 C(y n jX\ KM^  and hence  d ( ° ( xn ) yn., y n ) < 6//2 ,  We 
may a s su m e  d ( y n , y )  < e / 2 ,  a n d  so  d ( y , 0 (xn ) y n ) < e .  Thus
we c o n c l u d e  t h a t  x n y n ■* y* A s i m i l a r  a r g u m e n t  w o r k s  f o r
a n y  o t h e r  p a i r  o f  s e q u e n c e s  c o n v e r g i n g  t o  x a n d  y .
S u b c a s e  2 y  ^ a l l  i .  Then  y  i s  an e n d  p o i n t  o f  X.
L e t  U b e  an o p en  c o n n e c t e d  n e i g h b o r h o o d  o f  y  w i t h
b o u n d a r y  p ^  . We w i l l  show t h e  f o l l o w i n g :  I f
00
x n e C ( l , K 0 \ t m) a n d  y n e n U t h e n  x n y n e U. Now i f
yn e Am = ( ^ ( P j ^ q ^ )  t h e n  x n y fi e A^ f r o m  t h e  m a n n e r  i n
w h i c h  m u l t i p l i c a t i o n  was d e f i n e d .  S u p p o s e  y fi e <3-(p^J j q ^ J )
w h e r e  p^^' e C ^ p . ^ *  q ^ k ) . T.ben t  . e C ( l J KQ\ t k ) a n d  so
x n y n 6 £  U o r  k n yn  = x n p ±J' e e ( p i k J q±k ) b y  t h e
It Itp r e v i o u s  a r g u m e n t  a n d  fl-(p^ 3 q^ ) c  U*. N o t i c e  h o w e v e r  t h a t
00
f o r  e a c h  y^ e .U .K^ fl U, t h e r e  i s  a f i n i t e  s e q u e n c e
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J n  J y, J ] _  J ] _  j  2 J 2 \
p , . . .  p s u c h  t h a t  y e < 3 ( p  , q  ) j P e & ( p  3q ) . . .
 ^Y k  Kp e <3 (p 3 q ) a n d  so  t h e  s t a t e m e n t  f o l l o w s  h y  i n d u c t i o n .
Now ° ( x n ) e C (1 ,K  \ t ^ . )  f o r  s u f f i c i e n t l y  l a r g e  n 
a n d  y n e U f o r  s u f f i c i e n t l y  l a r g e  n .  C o m b in in g  t h e  
a b o v e  r e s u l t  w i t h  (A) we s e e  t h a t  x fiy n = 0 ( ( x n )y n e U f o r  
s u f f i c i e n t l y  l a r g e  n .  We c o n c l u d e  t h a t  ^ y ^  y .  A g a i n  
t h i s  i s  i n d e p e n d e n t  o f  t h e  c h o i c e  o f  t h e  s e q u e n c e s  (x ) 
a n d  [yn ] . T h i s  c o m p l e t e s  t h e  p r o o f  o f  2 . I 5 .
2 . 1 6  T h e o re m  A r e t r a c t  X o f  a  t w o - c e l l  N a d m i t s  t h e
s t r u c t u r e  o f  a s e m i l a t t i c e  w i t h  i d e n t i t y .
P r o o f  I f  X h a s  a f r e e  t w o - c e l l  t h e n  b y  C o r o l l a r y  2 .5
X a d m i t s  t h e  s t r u c t u r e  o f  a s e m i l a t t i c e  w i t h  i d e n t i t y .  I f
n o t  d e f i n e  m u l t i p l i c a t i o n  on X a s  f o l l o w s .  F o r  x 3y  e X
00
l e t  [xn ] -» x ,  {yn ) -> y  w h e re  x n , y n 6 i U1 K1 f o r  e a c h  n .
D e f i n e  x ° y  = l i m  x y  w h e re  x y  i s  t h e  p r o d u c t  d e f i n e dn n J n  n n  r
i n  2 . 1 2 .  By Lemma 2 . 1 5  t h i s  l i m i t  e x i s t s  an d  i s  i n d e p e n d e n t  
o f  t h e  c h o i c e  o f  fx ] a n d  fyn 3* H ence  • i s  w e l l - d e f i n e d .  
I t  f o l l o w s  t h a t  • i s  c o n t i n u o u s . ,  a s s o c i a t i v e ,  c o m m u t a t i v e ,  
a n d  i d e m p o t e n t  on X w i t h  i d e n t i t y  1 .
2 . 17 R em ark  I n  t h e  p r e c e d i n g  p r o o f ,  t h e  s e m i l a t t i c e  was 
c o n s t r u c t e d  so  t h a t  0 e F ( X ) .  I t  i s  c o n j e c t u r e d  t h a t  0 
may b e  c h o s e n  t o  b e  a n y  p o i n t  i n  X.
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2 . 1 8  D e f i n i t i o n  A s p a c e  X i s  h o m o g e n e o u s  i f  f o r  e a c h  
x , y  e X t h e r e  i s  a  hom eom orph ism  o f  X o n t o  i t s e l f  c a r r y i n g  
x t o  y .
2 . 1 9  C o r o l l a r y  Any h o m o g e n e o u s  r e t r a c t  o f  a  t w o - c e l l  i s  a 
p o i n t .
P r o o f  L e t  X b e  a  h o m o g e n e o u s  r e t r a c t  o f  a t w o - c e l l .  By
2 . 1 6  X a d m i t s  t h e  s t r u c t u r e  o f  a s e m i l a t t i c e  w i t h  i d e n t i t y .  
H ow ever  a n y  h o m o g en e o u s  c o m p a c t  c o n n e c t e d  s e m i g r o u p  w i t h  
i d e n t i t y  i s  a g r o u p  [ 5 ] .  I f  X h a s  m o re  t h a n  on e  p o i n t  
t h e n  t h e  g r o u p  X h a s  m ore  t h a n  one  i d e m p o t e n t ,  a c o n t r a d i c t i o n .  
T h u s  X m u s t  b e  a p o i n t .
2 . 2 0  Remark  T h i s  r e s u l t  f o r  s e m i l a t t i c e s  w i t h  i d e n t i t y  i s  
n o t  e x t e n d a b l e  t o  h i g h e r  d i m e n s i o n s .  P r o f e s s o r  J im m ie  Lawson 
h a s  shown ( u n p u b l i s h e d )  t h a t  a s e m i l a t t i c e  w h i c h  d o e s  n o t  
c o n t a i n  a  t w o - c e l l  m u s t  b e  o f  d i m e n s i o n  l e s s  t h a n  t w o .  T h i s  
m ean s  B o r s u k ' s  e x a m p le  o f  a t w o - d i m e n s i o n a l  r e t r a c t  o f  
w h i c h  c o n t a i n s  n o  d i s k s  c a n n o t  b e  a s e m i l a t t i c e .  The 
q u e s t i o n  o f  w h e t h e r  a  r e t r a c t  a d m i t s  t h e  s t r u c t u r e  o f  a 
s e m i g r o u p  w i t h  z e r o  a n d  i d e n t i t y  r e m a i n s  o p e n .
CHAPTER I I I  
SEMIGROUPS ON STRONGLY RULED SPACES
I n  t h i s  c h a p t e r  we p r e s e n t  a c l a s s  o f  m e t r i c  c o n t i n .u a  
c a l l e d  s t r o n g l y  r u l e d  c o n t i n u a  a n d  show t h a t  an y  member o f  
t h i s  c l a s s  a d m i t s  t h e  s t r u c t u r e  o f  a s e m i g r o u p  w i t h  z e r o  and  
i d e n t i t y .
3 . 1  D e f i n i t i o n  A m e t r i c  d on a p a r t i a l l y  o r d e r e d  s p a c e  
X i s  s a i d  t o  b e  r a d i a l l y  c o n v e x  i f  x  < y  i m p l i e s  t h e r e  
e x i s t s  z e X  s u c h  t h a t  x < z < y  an d  d ( x , z )  = d ( z , y )  .
3 . 2  D e f i n i t i o n  L e t  S b e  a m e t r i c  w e a k l y  r u l e d  c o n t i n u u m  
( s e e  C h a p t e r  I I ) .  P a r t i a l l y  o r d e r  S b y  x < y  i f  an d  o n l y  
i f  x e [ 0 , y ] .  Then  S a d m i t s  a r a d i a l l y  c o n v e x  m e t r i c
d[ 2] . I t  f o l l o w s  t h a t  i f  x =J= y  a r e  e l e m e n t s  o f  [ 0 , e ]  
w h e re  e e E, t h e n  d ( O j x )  ^  d ( 0 , y ) . A l s o  t h e r e  e x i s t s  
u  e E so  t h a t  d ( O j u )  i s  m a x i m a l  among { d ( 0 , e ) : e  e E ] . We 
a s su m e  t h a t  d ( 0 , u )  = 1 .  L e t  E = ( e | x e  [ 0 3e ] ) .
S u p p o s e  f u r t h e r  t h a t  E may b e  t o t a l l y  o r d e r e d  w i t h  
m a x i m a l  e l e m e n t  u  s o  t h a t  t h e  f o l l o w i n g  a r e  s a t i s f i e d :
(A) F o r  e a c h  x  e S ,  E i s  c o n v e x
(B) W h e n e v e r  x  -* x  a n d  yn -* y  £ [ 0 3u ] 3 so  t h a t  
x |  [ 0 , y ]  a n d  y  |  [ 0 , x ]  ( i . e .  Ex  fl Ey  = D ) j  an d  w h e n e v e r
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t h e r e  e x i s t  e v e E . e e E_r so  t h a t  e v  < e , t h e n  t h e r e  
X  X  y j  x y
e x i s t  s u b s d q u e n c e s  x  a n d  y  , an d  e e E and
k k  n, x n,k  k
e e E , s o  t h a t  e„„ < e „y  v  x y
* n k  n k  n k n k
(C) L e t  K-^  = ( y e  [ 0 , u ] :  t h e r e  e x i s t s  x |  [ O j u ]  and
x -> x ,  y  -> y  s u c h  t h a t  f o r  e a c h  n t h e r e  e x i s t s  e e E 
n n n n
a n d  e e E s u c h  t h a t  e < e }.  L e t  k  = sup (Kn U {0}) 
yn yn  y n "  y n
a n d  K = [ 0 , k ] .  I f  K ^  ( ° )  t h e n  S c an  b e  r e m e t r i z e d
w i t h  a  r a d i a l l y  c o n v e x  m e t r i c  d so  t h a t  d ( 0 , u )  = 1,
d ( 0 , k )  = , a n d  i f  e e l  a n d  [ 0 , p ]  = [ 0 ,  e ]  0 [ 0 , u ]  t h e n
d ( e ^P) < \  •
A s t r o n g l y  r u l e d  c o n t i n u u m  i s  a m e t r i c  w e a k l y  r u l e d  
s p a c e  whose  s e t  E may b e  t o t a l l y  o r d e r e d  w i t h  m a x im a l  e l e m e n t  
u  so  t h a t  ( A ) ,  (B) an d  (C) a r e  s a t i s f i e d .  The s e t  K i n  (C) 
may b e  t h o u g h t  o f  a s  t h e  p o i n t s  o f  d i s c o n t i n u i t y  i n d u c e d  b y  
t h e  o r d e r i n g  on E .
We s h a l l  now show t h a t  a n y  s t r o n g l y  r u l e d  c o n t i n u u m  
a d m i t s  t h e  s t r u c t u r e  o f  a s e m i g r o u p  w i t h  z e r o  and  i d e n t i t y .  
T h i s  w i l l  b e  d o n e  b y  d e f i n i n g  an a l g e b r a i c  s e m i g r o u p  Tg 
w i t h  z e r o  a n d  i d e n t i t y  w h ic h  i n d u c e s  an a l g e b r a i c  s e m i g r o u p  
s t r u c t u r e  on a n d  t h e n  p r o v i n g  t h i s  o p e r a t i o n  on S i s  
c o n t i n u o u s .  I t  r e m a i n s  an o p e n  q u e s t i o n  w h e t h e r  a n y  m e t r i c  
w e a k l y  r u l e d  c o n t i n u u m  S a d m i t s  t h e  s t r u c t u r e  o f  a s e m i ­
g r o u p  w i t h  z e r o  an d  i d e n t i t y .
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3 . 3  Lemma Any s t r o n g l y  r u l e d  c o n t i n u u m  S a d m i t s  t h e  
s t r u c t u r e  o f  an  a l g e b r a i c  s e m i g r o u p .
P r o o f  L e t  Tg = { ( a j e ) j e  e E,  0 < a < d ( 0 , e ) } .  F o r  
( a , e )  an d  ( b , f )  e Tg, d e f i n e  ( a , e ) ( b , f )  = (a  o b , m i n [ e , f ] )  
w h e re  a o b  = m a x f a + b - l ,  0} a n d  w h ere  min i s  i n  t h e  o r d e r i n g  
on E.  N o t e  t h a t  a o b  < m i n [ a , b } .  T h i s  p r o d u c t  i s  an 
e l e m e n t  o f  Tg,  an d  t h e  o p e r a t i o n  i s  e a s i l y  c h e c k e d  t o  b e  
a s s o c i a t i v e  an d  c o m m u t a t i v e .  T h u s  Tg i s  a c o m m u t a t i v e  
a l g e b r a i c  s e m i g r o u p  w i t h  i d e n t i t y  ( l , u ) .
D e f i n e  F :T g  -» S b y  F ( ( a , e ) )  e q u a l s  t h a t  p o i n t  
x e S s u c h  t h a t  x e [ 0 , e ]  a n d  d ( 0 , x )  = a .  F rom  t h e  
d e f i n i t i o n  o f  Tg ,  F i s  w e l l - d e f i n e d .  F i s  e a s i l y  s e e n
t o  b e  o n t o ,  b u t  n o t  n e c e s s a r i l y  o n e - t o - o n e .  D e f i n e  a
r e l a t i o n  p on Tg b y  ( a , e ) p ( b , f )  i f  a n d  o n l y  i f  a = b and  
a < d ( 0 , p ) ,  w h e re  [ 0 , p ]  = [ 0 , e ]  0 [ 0 , f ] .  Thus
( a , e ) p ( b , f )  i f  an d  o n l y  i f  F ( ( a , e ) )  = F ( ( b , f ) ) .  We show
t h a t  p i s  a c o n g r u e n c e  r e l a t i o n  on Tg .
The r e l a t i o n  p i s  e a s i l y  s e e n  t o  b e  r e f l e x i v e  a n d  
s y m m e t r i c .  To show t r a n s i t i v i t y  s u p p o s e  ( a , e ) p ( b 3f )  a nd  
( b , f ) p ( c , g ) .  Then  a = b  = c ,  so  a = c .  A l s o  b < d ( 0 , p )  w h ere  
[ 0 , p ]  = [ 0 , e ]  fl [ 0 , f ] , an d  b < d ( 0 , q )  w h e re
[ 0 ,  q] = [ 0 , f ]  fl [ 0 ,  q] . Then a = b < d ( 0 , r )  w h e re
[ 0 , r ]  = [ 0 , p ]  n [ 0 , q ]  = [ 0 , e ] n [ 0 , f ] n  [ 0 , g ] < = [ 0 , e ]  H [ 0 , g ]
s i n c e  [ 0 ^ p ] a nd  [ 0 , q ]  a r e  c o n t a i n e d  i n  [ 0 , f ] .  Thus
a < d ( 0 ,  s )  w h e re  [ 0 ,  s] = [ 0 , e ]  fl [ 0 , g ] ,  s o  ( a , e ) p ( c , g ) .
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T h u s  p i s  t r a n s i t i v e .
We now show p i s  a c o n g r u e n c e .  To w ard  t h i s  en d  
l e t  ( a , e ) p ( c , g )  an d  l e t  ( b , f )  e T g .  We s h a l l  show t h a t  
( c , g ) ( b J f ) p ( a , e ) ( t J f ) 3 i .  e .  ( c o b ,  rain [g ,  f }) p (a  o b , m i n  ( e ,  f )). 
S i n c e  ( c , g ) p ( a , e ) ,  a = c < d ( 0 , p )  w h e r e  [ 0 , p ]  = [ 0 ,  e ]  fl [ 0 ,  g] . 
T h u s  a o b  = b o c a n d  we m u s t  show a o b  < d ( 0 , q )  w h e re  
[Chq]  = [ 0 , m i n  { f , g } ]  fl [ 0 , m i n  ( e , f } ]  . We d i s t i n g u i s h  f o u r  
c a s e s .
C ase  I  f  < b o t h  e a n d  g .  Then  f  = min  ( e , f }  = m i n f f , g }  
a n d  so  a o b  = b o c < b  <_ d ( 0 , f )  = d ( 0 , q)  s i n c e  
[ 0 , q ]  = [ 0 , f ]  0 [ 0 , f ]  = [ 0 , f ] .
Case I I  e < f  < g .  R e c a l l  t h a t  a = c < d ( 0 ,p )  where 
[ 0 ,p ]  = [ 0 , e ]  H [ 0 j q ] . So F ( a , e )  = F (c , g ) e [ 0 , e ]  fl [ 0 g ] .
3 y  t h e  c o n v e x i t y  o f  E,  F ( a , e )  = F ( c , g )  e [ 0 , f ]  . Thus  
a o b  < a  < d ( 0 , r )  w h e re  [ 0 , r ]  = [ 0 , e ]  fl [ 0 , f ] .
C ase  I I I  g < f  < e .  S i m i l a r  t o  C ase  I I .
Case  IV B o t h  e a n d  g  < f .  Then. [ 0 , q ]  = [ 0 , e ]  fl [ 0 ,  g ] = [ 0 , p ]  
a n d  so  a o b  < a < d ( 0 , p )  = d ( 0 , q ) .  T h i s  c o m p l e t e s  t h e  
p r o o f  t h a t  p i s  a  c o n g r u e n c e .
TS i n c e  p i s  a c o n g r u e n c e ,  S / p  i s  a c o m m u t a t i v e  
a l g e b r a i c  s e m i g r o u p  w i t h  z e r o  < ( 0 , e ) >  (w h e re  < ( 0 , e ) >  
d e n o t e s  t h e  c o n g r u e n c e  c l a s s  o f  ( 0 , e ) )  an d  i d e n t i t y  < ( l , u ) > .  
L e t  t ) :Tg -» ^ s / p  b e  t h e  c a n o n i c a l  m ap .  D e f i n e
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G-:^S/p -» S b y  G = P o r ] - 'L
S
S i n c e  p i s  a c o n g r u e n c e ,  G i s  w e l l - d e f i n e d .  M ore ­
o v e r  G i s  o n t o  s i n c e  F i s ,  a n d  G i s  o n e - t o - o n e  b y  t h e  
d e f i n i t i o n  o f  p .  T h u s  S a d m i t s  t h e  s t r u c t u r e  o f  an
a l g e b r a i c  s e m i g r o u p  w i t h  z e r o  a n d  i d e n t i t y .  The f o l l o w i n g  
t h r e e  lemmas show t h i s  i n d u c e d  o p e r a t i o n  on S i s  
c o n t i n u o u s .
3 . 4  Lemma S u p p o s e  x n -» x w i t h  ( an *e n ) e F""'L(x n )  an d  
( a , e )  e F - 1 ( x ) .  L e t  f t ^ }  c [ 0 , 1 ]  w i t h  [ t ^ j  -> t  and  
t fi < an  f o r  e a c h  n .  Then F (‘t riJ er i ) f ( t , e ) .
P r o o f  We f i r s t  m u s t  show t h a t  e a c h  ( t  *en ) a n d  ( t , e )  e T g .
S i n c e  t  < an f o r  e a c h  n ,  ( ' tn ^ en ) e Tg f o r  e a c h  n .  A l s o
t  < an f o r  e a c h  n ,  so  t < a ,  a n d  h e n c e  ( t , e )  e Tg .
To show t h a t  F (^ n J en ) "* F ( T , e ) ,  we show t h a t  a n y
s u b s e q u e n c e  o f  P ( t n , e n ) c l u s t e r s  a t  F ( t , e ) .  Tow ard  t h i s
e n d ,  c o n s i d e r  a s u b s e q u e n c e  o f  F ( t n J en ) w h i c h  we s h a l l  a g a i n
d e n o t e  b y  F ( t n , e n ) .  Then F (Tn , e r i ) e [ 0 , x n ] -» [ 0 , x ] ,  so
t h e r e  e x i s t s  a s u b s e q u e n c e  F ( t  , t  ) c o n v e r g i n g  t o  some
n k  n k
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e l e m e n t  o f  [ 0 , x ]  c  [ 0 , e ] j  I . e .  F ( t  , e  ) - > F ( t  , e )  f o r
k  n k  °
some t  . B u t  t  -» t  an d  t  ■* t ,  so  t  = t .  T h u s
o n k n °
F ( t  , e  ) -» F ( t , e )  a n d  we a r e  d o n e ,  
k  k
I n  t h e  f o l l o w i n g  tw o  lemmas., l e t  x -► x., y  y .  W i t h ­
o u t  l o s s  o f  g e n e r a l i t y  we may a s su m e  t h a t  e < e .x y
3 . 5  Lemma I f  x e [ 0 , y ]  o r  y e  [ 0 , x ] ,  t h e n  x n y n - * x y .
p r o o f  We d i s t i n g u i s h  two c a s e s .
C ase  I  x ^  y* We f i r s t  s u p p o s e  t h a t  x  e [ 0 , y ] .  By
c h o o s i n g  s u b s e q u e n c e s  we may a s su m e  t h a t  e i t h e r  i )  t h e r e
e x i s t s  e < e f o r  e a c h  n , o r  i i )  t h e r e  e x i s t s  eT_ < e
n y n y n ~  x n
f o r  e a c h  n .  I f  i )  t h e n  x y  = F ( a  o a  , e  ) - » F ( a  o a  , e )
n n n y n n x y  x
-  x y  b y  Lemma 3 - 4 •  I f  i i )  t h e n
x y  = F ( a  o a , e ) -> F ( a  o a . e ) b y  Lemma 3 - 4 .  M ore ­
en n n y n y n x y  y
o v e r  F ( a x o ayJ e y ) = F ( a x o a y , e x ) ,  f o r
( a x o a  , e ) p ( a x o a , e x ) s i n c e  ax o a y  < ax and
x e [ 0 , y ]  . So x fiy n -* x y .
I f  y e  [ 0 , x ] ,  a  s i m i l a r  a r g u m e n t  w o r k s .
Case  I I  x = y .  A g a in  we may c h o o s e  s u b s e q u e n c e s  s u c h  t h a t
e i t h e r  i )  t h e r e  e x i s t  e < e f o r  e a c h  n o r  i i )  t h e r e
n y n
e x i s t  e < e  f o r  e a c h  n .  I f  i )  t h e n
y n x n
x ^ y ^  = F ( a v o e  , e ) -» F ( a  o a , e ) = x y  b y  Lemma 3 . 4 .  n n x  y x  a  y x.
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I f  i i )  then  xnyn = P f a ^ o  ay y  eyJ  -  F (a x o a y , e y ) tey
Lemma 3 . 4  an d  F ( a  o a__, e , r ) = P ( a v o a . . , e  ) s i n c e
a  y  y  a  j  a
P (a x ° Y ey ) e [ 0 , y ]  = [ 0 , x ]  c  [ 0 , e x ] n [ 0 , e y ] .  Thus 
xnyn "* x y * This completes  t h e  p ro o f  o f  Lemma 3-5*
3 .6  Lemma I f  x <j: [ 0 , y ]  and y  $ [ 0 , x ]  then  xnyn -* xy.
P r o o f  We d i s t i n g u i s h  two c a s e s .
C ase  I  y  |  [ 0 , u ] . Then, b y  (B) we may c h o o s e  s u b s e q u e n c e s
so t h a t  e < e f o r  each n . Then
xn yn
= F(a  o a , e ) -» F (a  o a  , e  ) = xy by Lemma 3 .4 .
xn yn xn x  y x
Case I I  y e [ 0 , u ] . We may choose subsequences so t h a t
e i t h e r  i )  e < e f o r  e a c h  n o r  i i )  e < e  f o r  e a c h  
xn ~  yn yn n
n .  I f  i )  t h e n  x n y n  = F ( a x o a y  , e x ) -> F ( a x o a yJ e x ) = x y
by Lemma 3 .4 .  I f  i i )  then  y e K as d e f in e d  by (C), where
a = x .  Also y ^ 0 .  Let k  = sup K. By th e  r e m e t r i z a t io n ^
d ( 0 , k )  = Then d ( 0 , x )  < d ( 0 , e x ) < d ( 0 , p x ) + d(px , e x ) , where
[ChP-vl = [ 0 j e„ ] fl [ 0 j u ] j  f o r  each e . By (C) t h i s  means
A  A  A  ,
av  < a„  + — . Since y e  YL3 aTr < i .  Thus
x — p x 2 y  — ^
a v o axr < ( a  + ^ )  o ( - )  = a ^ b y  t h e  d e f i n i t i o n  o f  o . Si 
<y X x
x n y n = F ( ax o a y  '  e y  ) *  F ( a x o a y > ey )  b y  Lemma 3 - 4 ,  and
P ( a x o a y ) ey ) =  F ( a x o a y J u )  s i n c e  y  e [ 0 , u ]  a n d  ax o a y < a y  
B u t  F ( a x o a y J u )  = F ( a x o a y , e x ) s i n c e  a x o a y  < ap , an d
h e n c e  x n yn -» F (a x 0 £y ex ) = x y*
We h a v e  t h e r e f o r e  p r o v e n
3 . 7  T h e o re m  [ 1 4 ]  L e t  S h e  a s t r o n g l y  r u l e d  s p a c e .  Then
S a d m i t s  t h e  s t r u c t u r e  o f  a c o m m u t a t i v e  s e m i g r o u p  w i t h  z e r o  
an d  i d e n t i t y .
3 . 8  Rem ark  One s h o u l d  n o t i c e  t h a t  i f  S i s  a s t r o n g l y  
r u l e d  c o n t i n u u m  s u c h  t h a t  K = [ 0 ] ,  t h e n  a n y  o p e r a t i o n  on 
[ 0 , 1 ] i n  w h i c h  0 i s  a z e r o  an d  1 t h e  i d e n t i t y  may h e  
u s e d  f o r  o i n  t h e  m u l t i p l i c a t i o n  on S .  I n  p a r t i c u l a r  
min  may b e  u s e d ,  a n d  so  i f  S i s  a c o n t i n u u m  s t r o n g l y  r u l e d  
so  t h a t  K =  [ 0 ] ,  t h e n  S a d m i t s  t h e  s t r u c t u r e  o f  a s e m i l a t t i c e  
w i t h  z e r o  an d  i d e n t i t y .
3 . 9  E x a m p le s  B e c a u s e  o f  t h e  i m p o s i n g  n a t u r e  o f  t h e  
c o n d i t i o n s  upon  s t r o n g l y  r u l e d  c o n t i n u a ,  we now g i v e  some 
e x a m p l e s  o f  s t r o n g l y  r u l e d  c o n t i n u a .  The f i r s t  e x a m p le  i s  
t h e  one  w h i c h  i n s p i r e d  t h e  c o n c e p t  o f  s t r o n g l y  r u l e d  
c o n t i n u a ,  n a m e l y  t h e  C a n t o r i a n  s w a s t i k a .
I .  L e t  C h e  a  C a n t o r  s e t  i n  t h e  i n t e r v a l  [ 0 , 1 ] .  Then t h e  
C a n t o r i a n  s w a s t i k a , d e n o t e d  CS, i s  Cxi  t o g e t h e r  w i t h  t h e  
r o t a t i o n s  o f  Cx i  t h r o u g h  9 0 , 1 8 0 , a n d  27 0  d e g r e e s  a b o u t  




F i g u r e  1 .
CS i s  e a s i l y  s e e n  t o  b e  a w e a k l y  r u l e d  s p a c e .  L e t  
u  = ( 1 , 1 )  a n d  o r d e r  E c l o c k w i s e  a s  i n d i c a t e d .  T h i s  o r d e r i n g  
i s  c o n v e x ,  so  (A) i s  s a t i s f i e d .  C o n d i t i o n  (B) i s  s a t i s f i e d  
b e c a u s e  o f  t h e  c o n t i n u i t y  o f  t h e  o r d e r i n g  away f r o m  [ 0 , u ] ,
The s e t  K d e s c r i b e d  i n  (C) i s  t h e  i n t e r s e c t i o n  o f  t h e  
n o n - n e g a t i v e  x - a x i s  w i t h  CS, a n d  k  = ( 1 , 0 ) .  I t  i s  c l e a r  
t h a t  c o n d i t i o n  (C) i s  s a t i s f i e d .  T h u s  S a d m i t s  t h e  
s t r u c t u r e  o f  a c o m m u t a t i v e  s e m i g r o u p  w i t h  i d e n t i t y .
I I . Cones  t a n g e n t  a l o n g  a  l i n e  s e g m e n t .
L e t  S b e  t h e  c o n e  o v e r  a  d e c r e a s i n g  t o w e r  o f  c i r c l e s  h a v i n g  
a common p o i n t  o f  t a n g e n c y ,  t o g e t h e r  w i t h  a  f r e e  a r c  a t  t h e  
p o i n t  o f  t a n g e n c y  (S e e  F i g u r e  2 ) .  The o r d e r i n g  i s  a s
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i n d i c a t e d *  f r o m  t h e  o u t e r  c i r c l e s  t o w a r d  t h e  i n n e r  c i r c l e s *  
w i t h  u* t h e  e n d  p o i n t  o f  t h e  f r e e  a r c *  b e i n g  m a x i m a l .  T h i s  
e x a m p le  i l l u s t r a t e s  w h a t  m i g h t  b e  c a l l e d  d i s c o n t i n u i t y  o f  
h i g h e r  o r d e r *  an d  a l s o  t h e  t e c h n i q u e  o f  s e p a r a t i n g  t h e  
i d e n t i t y  f r o m  t h e  d i s c o n t i n u i t i e s .  I t  i s  an op en  q u e s t i o n  
w h e t h e r  t h i s  s p a c e  w i t h o u t  t h e  f r e e  a r c  i s  a s t r o n g l y  r u l e d  
s p a c e .
F i g u r e  2 .
CHAPTER IV 
SEMILATTICES ON GENERALIZED TREES
4 . 1  D e f i n i t i o n  A c o n t i n u u m  X i s  s a i d  t o  b e  h e r e d i t a r i l y  
u n i c o h e r e n t  i f  e a c h  p a i r  o f  p o i n t s  x  a n d  y  i s  c o n t a i n e d  i n  
a u n i q u e  m i n i m a l  c o n t i n u u m  [ x , y ] .
4 . 2  D e f i n i t i o n  A g e n e r a l i z e d  t r e e  i s  an a r c w i s e  c o n n e c t e d  
h e r e d i t a r i l y  u n i c o h e r e n t  c o n t i n u u m  X c o n t a i n i n g  a p o i n t  p 
so  t h a t  [ p ^ x ^ ]  -» [ p , x ]  w h e n e v e r  x a  -» x .
The c o n c e p t  o f  a g e n e r a l i z e d  t r e e  i s  du e  t o  L .  E .  
Ward [ 2 0 ] .  He d e f i n e d  a  g e n e r a l i z e d  t r e e  a s  a h e r e d i t a r i l y  
u n i c o h e r e n t  c o n t i n u u m  w h ic h  a d m i t s  an o r d e r - d e n s e  ( i . e .  
x < y  i m p l i e s  t h e r e  e x i s t s  z s u c h  t h a t  x < z < y )  p a r t i a l  
o r d e r  w i t h  u n i q u e  m i n i m a l  e l e m e n t .  Koch an d  K r u l e  [ 1 2 ]  
showed t h a t  " o r d e r - d e n s e "  c o u l d  b e  r e p l a c e d  b y  " m o n o to n e "  
( L ( x )  c o n n e c t e d  f o r  e a c h  x e X) an d  a l s o  g a v e  t h e  p u r e l y  
t o p o l o g i c a l  c h a r a c t e r i z a t i o n  w h i c h  we u s e . N o t e  t h a t  t h e  
c l a s s  o f  a l l  g e n e r a l i z e d  t r e e s  p r o p e r l y  c o n t a i n s  t h e  c l a s s  
o f  a l l  t r e e s  ( l o c a l l y  c o n n e c t e d  c o n t i n . u a  i n  w h i c h  e a c h  p a i r  
o f  p o i n t s  c a n  b e  s e p a r a t e d  b y  a t h i r d ) .
Our  i n t e r e s t  i n  g e n e r a l i z e d  t r e ' r  s s t e m s  f r o m  t h e i r  
c o n n e c t i o n  w i t h  s e m i g r o u p s  a n d  s e m i l a t t i c e s .  I n  p a r t i c u l a r ,  
R. P .  H u n t e r  h a s  shown [ 6 ] t h a t  a o n e - d i m e n s i o n a l  c o m p a c t
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connec ted  semigroup w ith  zero  and i d e n t i t y  must be a 
g e n e r a l i z e d  t r e e . I t  i s  a l s o  e a s i l y  shown t h a t  a s e m i l a t t i c e  
on a h e r e d i t a r i l y  u n ic o h e re n t  continuum must n e c e s s a r i l y  be 
a g e n e r a l i z e d  t r e e .
In [ 1 6 ] ,  Koch a l s o  r a i s e d  th e  q u e s t io n ,  "Under
what c o n d i t i o n s  does a g e n e r a l i z e d  t r e e  admit t h e  s t r u c t u r e
of  a semigroup w ith  i d e n t i t y " ?  Only a few r e s u l t s  have been 
o b ta in e d  on t h i s  q u e s t io n .  Koch and McAuley [13] have shown 
t h a t  any t r e e  admits  t h e  s t r u c t u r e  o f  a s e m i l a t t i c e  w i th  
i d e n t i t y ,  and a l s o  t h a t  any s t r o n g l y  r u l e d  continuum adm its  
th e  s t r u c t u r e  o f  a semigroup w ith  ze ro  and i d e n t i t y  [14]
(see  Chapter  I I I ) .  E b e rh a r t  [4] has g iven  an example o f  a 
n o n -m etr ic  g e n e r a l i z e d  t r e e  which does no t  admit th e  
s t r u c t u r e  o f  a semigroup w ith  zero  and i d e n t i t y .  We g ive
h ere  some n e c e s s a r y  c o n d i t i o n s  f o r  a g e n e r a l i z e d  t r e e  t o
admit th e  s t r u c t u r e  o f  a s e m i l a t t i c e  w i th  i d e n t i t y ,  and a l s o  
some examples o f  g e n e r a l i z e d  t r e e s  which do no t  admit th e  
s t r u c t u r e  o f  a s e m i l a t t i c e  w i th  i d e n t i t y .
Suppose S i s  a g e n e r a l i z e d  t r e e .  For  x , y  e S, l e t  
[ x ,y ]  denote  t h e  unique a rc  from x t o  y in  S. Let 0 denote  
t h e  unique minimal element o f  S.
4 .3  D e f i n i t i o n  The quadran t  o f  x, Q(x),  i s  C ( x , S \ f 0 } ) .
Note t h a t  Q(x) = [y e S \ [ 0 ,x ]  fl [ 0 ,y ]  p r o p e r l y  c o n ta in s
z e r o ) .
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4 . 4  Lemma ( [6 ] )  I f  S i s  a s e m i g r o u p  on a g e n e r a l i z e d
p
t r e e  so  t h a t  S = S, t h e n  f o r  p , q  e S, p [ 0 , q ]  = [ 0 , p q ]  = [ 0 , p ] q  
a n d  [ 0 , p ] [ 0 , q] = [ 0 , p q ]  .
4 . 5  T h e o re m  L e t  S b e  a s e m i l a t t i c e  w i t h  i d e n t i t y  on a 
g e n e r a l i z e d  t r e e .  S u p p o s e  t h e r e  e x i s t s  a  n e t  [ea 3 1 so 
t h a t  [ 0 , e  ] H [ 0 , 1 ]  -* ( 0 ) .  Then  f o r  e a c h  x e  S \ [ 0 , 1 ] ,
[ 0 , e a x ]  0 [ 0 , 1 ] -» [0 ] .
P r o o f  We a s su m e  t h a t  t h e r e  e x i s t s  r  e ( 0 , 1 ]  so  t h a t  [ 0 , r ]
i s  f r e q u e n t l y  c o n t a i n e d  i n  [ 0 , e a x ]  fl [ 0 , 1 ] a n d  show t h i s
l e a d s  t o  a c o n t r a d i c t i o n .  S i n c e  e x - *  x ,  [ 0 ,  e x ]  -* [ 0 , x ]a a
an d  h e n c e  [ 0 , r ]  c  l i m  sup  [ 0 , e  x ]  = [ 0 , x ] .  S i n c e
r  e ( 0 , 1 ] ,  e r  e e [ 0 , 1 ]  = [ 0 , e  ] .  Were e r  f r e q u e n t l y  oc oc oc cc
i n  [ 0 , 1 ] t h e n  ea r  w o u ld  f r e q u e n t l y  b e  i n  [ 0 , 1 ] D [ 0 , e a ]-» [0 )
a n d  h e n c e  e a r  w o u ld  c o n v e r g e  t o  b o t h  r  a n d  0 , a
c o n t r a d i c t i o n .  So we may a s s u m e  e r  ^ [ 0 , 1 ]  f o r  e a c h  a .
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S i n c e  [ 0 , r ]  c: [ 0 , x ] ,  we h a v e  [ 0 , e  r ]  c  [ 0 , e  x ]  . Com-oc oc
b i n i n g  t h i s  w i t h  t h e  f a c t  t h a t  e ^ r  £ [ 0 , 1 ] we h a v e  t h a t
[ 0 , e a r ]  0 [ 0 , 1 ]  = [ 0 , e a x ]  0 [ 0 , 1 ] .  Thus
[ 0 , r ]  c: [ 0 , e  r ]  fl [ 0 , 1 ]  c [ 0 , e  ] D [ 0 , 1 ] .  T h i s  i s  a
c o n t r a d i c t i o n  s i n c e  [ 0 , e  ] H [ 0 , 1 ] -* [0 ] ,  an d  t h e  p r o o f  i s
OC
c o m p l e t e .
4 .6  C o r o l l a r y  L e t  S b e  a s e m i l a t t i c e  w i t h  i d e n t i t y  on a 
g e n e r a l i z e d  t r e e .  S u p p o s e  t h e r e  e x i s t s  a n e t  {e^.} -+ 1 so
t h a t  [ 0 , e  ] fl [ 0 , 1 ]  •+ [0 ]  . T hen  f o r  e a c h  x e Q ( l ) j  S i s
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n o t  l o c a l l y  c o n n e c t e d  a t  x .
P r o o f  The s t a t e m e n t  i s  o b v i o u s l y  t r u e  f o r  x e ( 0 , 1 ] .  F o r
x e Q ( 1 ) \ ( 0 , 1 ] ,  l e t  U b e  an open  s e t  c o n t a i n i n g  x s u c h
t h a t  U* fl [ 0 , 1 ]  = □ .  We show t h a t  f o r  a n y  open  s e t  V such
t h a t  x  e Y c  U, Y i s  n o t  l o c a l l y  c o n n e c t e d .  L e t
[ 0 , p ]  = [ 0 , x ]  fl [ 0 , 1 ] .  L e t  a Q be  s u c h  t h a t
[ 0 , 1 ]  fl [ 0 , e  x ]  c [ 0 , p )  an d  s u c h  t h a t  e x e V. Then
o a o
[ 0 , e  x ]  0 [ 0 , x ]  c  [ 0 , 1 ] ,  f o r  o t h e r w i s e  p e [ 0 , e  ] H [ 0 , 1 ] ,  a
o o
c o n t r a d i c t i o n  t o  t h e  c h o i c e  o f  a . Bu to
[ x , e  x ]  c [ 0 , x ]  U [ 0 , e x ] a n d  [ x , e a  x ]  0 ( [ 0 , x ]  n [ 0 , e a  x ] )  
o o o o
so  [ x , e  x ]  fl S\U* □ .  S i n c e  S i s  u n i q u e l y  a r c w i s e  
a o
c o n n e c t e d ,  x an d  ea  x c a n n o t  b e  j o i n e d  i n  V b y  an a r c .  
T h i s  c o m p l e t e s  t h e  p r o o f  o f  t h e  c o r o l l a r y .
The  p r e c e d i n g  r e s u l t s  may b e  s t a t e d  f o r  a n y  p o i n t  i n
(0 ,1 ] .
4 . 7  C o r o l l a r y  L e t  S b e  a s e m i l a t t i c e  w i t h  i d e n t i t y  on a 
g e n e r a l i z e d  t r e e  a n d  l e t  a e ( 0 , 1 ] .  S u p p o s e  t h e r e  e x i s t s  a 
n e t  [e } -* a  so  t h a t  [ 0 , e  ] 0 [ 0 , a ]  -» [0 ]  . Then  f o r  e a c h
( X  e x
x e S a ,  [ 0 , e  x ]  fl [ 0 , 1 ]  -» [ 0 ] .  a
P r o o f  N o te  t h a t  Sa i s  a s e m i l a t t i c e  w i t h  i d e n t i t y  a .  
A l s o  ( e a a )  -> a an d  [ 0 ,  e a a]  PI [ 0 , 1 ]  c [ 0 , e ^ ]  [ 0,  l ]  fl [ 0 , 1 ]  = 
[ 0 , e  ] fl [ 0 , 1 ]  -* ( 0 ) .  So i t  s u f f i c e s  t o  a p p l y  T h e o re m  4 . 5 .
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4 . 8  C o r o l l a r y  U n d e r  t h e  same h y p o t h e s e s  a s  C o r o l l a r y  4 . 7 *  
f o r  x e Sa D Q ( a ) ,  S i s  n o t  l o c a l l y  c o n n e c t e d  a t  x .
P r o o f  A p p l y i n g  C o r o l l a r y  4 . 6  t o  t h e  s e m i l a t t i c e  Sa w i t h  
i d e n t i t y  a ,  we h a v e  t h a t  Sa i s  n o t  l o c a l l y  c o n n e c t e d  a t  
x .  T h u s  g i v e n  an open, s e t  U c o n t a i n i n g  x t h e r e  e x i s t s  a 
p o i n t  y  e Sa so  t h a t  [ x , y ]  fl (S a \U * )  ={= □ .  S i n c e  S i s  
u n i q u e l y  a r c w i s e  c o n n e c t e d ,  [ x , y ]  H (S \U *)  =1= □ .  So S i s  
n o t  l o c a l l y  c o n n e c t e d  a t  x .
4 . 9  E x am p le  L e t  a „ = ( 2 - —, 0 ) ,  b = ( 2 + —, —) ,  ----------  —  n ' n. ' n v n n '
c = ( 2 + —, a n d  e^  = ( 0 , ) f o r  n  = 1 , 2 , . . .n ' o n '  n v n '
L e t  = [ a n j b n ] ( t h e  s t r a i g h t  l i n e  f r o m  an t o  b n i n
t h e  p l a n e ) ,  Bfi = [ To ,^ c ^ ] ,  an d  l e t  Cn = [ c n *en ] .  L e t
D = [ ( 0 , 0 ) , ( 2 , 0 ) ]  a n d  e Q = ( 0 , 0 ) .  F i n a l l y  l e t  G =
00
D U n Ll^(^-n 6 Bn U Cf i ) ( s e e  F i g u r e  3 )*  We s h a l l  show t h a t  
G d o e s  n o t  a d m i t  t h e  s t r u c t u r e  o f  a s e m i l a t t i c e  w i t h  i d e n t i t y .
Figure 3
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N o te  t h a t  t h e  p o i n t  ( 2 , 0 )  i s  t h e  o n l y  p o s s i b i l i t y
f o r  t h e  z e r o  0 o f  G. As f o r  t h e  i d e n t i t y  1 o f  G, b y
C o ro l la ry  2, p .  613, o f  [ 9 ] j 1 must be one o f  th e  non
w e a k - c u t p o i n t s  e Q,e - L, e 2 , . . .  . I f  1 = e Q, t h e n  b y
C o ro l la ry  4 .6  S i s  no t  l o c a l l y  connec ted  a t  any p o i n t  of
Q ( l )  = S \ { 0 ) ,  a c o n t r a d i c t i o n .  I f  1 = e^  f o r  some n Q,
o
l e t  [ 0 , a ]  = [ C h e Q] fl [ 0 , e n ] .  S i n c e  fe k } k = i  "* e Q  ^ we h a v e
o. . 00
l e k a ) k = l  -» e Qa = a .  M o r e o v e r ,  e k a e e k [ 0 , e n ] =
o
[ 0 , e k en 1 c  [ ° J e k l s i n c e  en = 1 .  H ence
o o
[ 0 , e k a]  fl [ 0 , a ]  c  [ 0 , e k ] fl [ 0 , e Q] -» {0}.  By C o r o l l a r y  4 . 8 , 
S a \ { 0 }  i s  n o t  l o c a l l y  c o n n e c t e d  a t  a n y  p o i n t .  H ow ever  
e k a e Sa and  e k a i s  e v e n t u a l l y  n o t  i n  [ 0 , a ] ,  so  e k a i s  
a p o i n t  a t  w h i c h  Sa i s  l o c a l l y  c o n n e c t e d ,  a c o n t r a d i c t i o n .  
T h u s  G c a n n o t  b e  a s e m i l a t t i c e  w i t h  i d e n t i t y .
We now p r o v e  some lemmas c o n c e r n i n g  m u l t i p l i c a t i o n  
b e t w e e n  q u a d r a n t s .  I n  e a c h ,  S d e n o t e s  a  s e m i l a t t i c e  w i t h  
i d e n t i t y  on a g e n e r a l i z e d  t r e e  w i t h  z e r o  0 .
4 . 1 0  Lemma I f  x e [ 0 , 1 ] ,  y  e S,  a n d  x y  = 0 ,  t h e n  x Q ( y )  = 0 .
P r o o f  L e t  p e Q ( y ) ,  a n d  l e t  [ 0 , r ]  = [ 0 , p ]  0 [ 0 , y ] .  Then 
x [ 0 , r ]  c  x [ 0 , y ]  = [ 0 , 0 ]  = 0 .  Now x [ 0 , p ] c [ 0 , 1 ] [ 0 , p ] =  [ 0 , p ]  . 
I f  xp 4= 0 ,  t h e n  t h e r e  e x i s t s  p ^  e [ 0 , r ]  so  t h a t  xp-^ e [ 0 , r ]  
an d  xp-^ =)= 0 .  B u t  xp-^ = x ( x p ^ )  = 0 s i n c e  xp-^ e [ 0 , r ] ,
So we m u s t  h a v e  xp = 0 , an d  t h e  lemma i s  p r o v e d .
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4 . 1 1  Lemma I f  x e Q ( l )  and  y  e S so  t h a t  
Q (y )*  n Q ( l )  4= t h e n  x y  e Q(y)  .
P r o o f  L e t  [ 0 , z ]  = [ 0 , 1 ]  H [ 0 , x ] .  We s h a l l  f i r s t  show
t h a t  z y  ={= 0 b y  s u p p o s i n g  n o t  an d  a r r i v i n g  a t  a c o n t r a d i c t i o n .
I f  z y  = 0 ,  t h e n  b y  Lemma 4 . 1 0  z'Q(y) = 0 an d  so
[ 0 , z ] Q ( y )  = 0 .  L e t  q e Q ( y )*  fl Q ( l )  an d  l e t  [ 0 , r ]  =
[ 0 , z ]  fl [ 0 , q ] .  Then r  e Q ( y )*  D Q ( l )  s i n c e  r  e [ 0 , q ] ,  and
a l s o  r Q ( y )  = 0 s i n c e  r  e [ 0 , z ] .  By c o n t i n u i t y  o f
/  \  ^m u l t i p l i c a t i o n ,  r Q ( y )  = 0 w h ic h  m ean s  r r  = 0 , a c o n t r a -  
d i c t i o n .  T h u s  zy  =}= 0 .  H ow ever ,  z y  e ( [ 0 , x ]  fl [ 0 , 1 ]  ) y  =
[ 0 , x y ]  0 [ 0 , y ] , a n d  so  x y  e Q ( y ) .
4 . 1 2  T h e o re m  L e t  S b e  a  g e n e r a l i z e d  t r e e  w i t h  z e r o  0 and
l e t  1 e S .  S u p p o s e  t h e r e  e x i s t s  a q u a d r a n t  Q(x)  Q ( l )  s u c h
t h a t
a )  Q ( l )  i s  t h e  o n l y  q u a d r a n t  w hose  c l o s u r e  m e e t s  
Q ( x )
nb )  T h e r e  e x i s t s  a s e q u e n c e  [Qj_)j__q o f  q u a d r a n t s  s u c h
t h a t  Q1 = Q ( x ) ,  = Q ( l ) ,  an d  Qi  0 Qi +1  ^  D
f o r  e a c h  i .
Then S d o e s  n o t  a d m i t  t h e  s t r u c t u r e  o f  a s e m i l a t t i c e  w i t h  
z e r o  0 an d  i d e n t i t y  1 .
P r o o f  S u p p o s e  t h a t  S d o e s  a d m i t  t h e  s t r u c t u r e  o f  a 
s e m i l a t t i c e  w i t h  a z e r o  0 and  i d e n t i t y  1 .  We s h a l l  f i r s t
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show t h e r e  e x i s t s  a  e ( 0 , 1 ] fl ^ s u c h  t h a t  aQ (x )  = 0 .
L e t  q e Q ( l ) *  V, Q(x)  a n d  a e ( 0 , 1 ]  fl ^  . T h e r e
e x i s t s  a n e t  [y ^ ]  c Qn _ 1 so  t h a t  ya  ■+ a a n d  a n e t
£  Q ( ! )  so  t h a t  4 p <J- By Lemma 4 . 1 1  y a q^ e Qn _ 1 * an d  
h e n c e  aq = l i m  y a Hp e ^ n - 1 *  However  a q  e [ 0 , l ] q  = [ 0 , q ]  
a l s o .  By a s s u m p t i o n ,  Q^_q H Q(x)  = □ ,  so  aq  |  ( 0 , q ] .  T h i s
i m p l i e s  a q  = 0 .  By Lemma 4 . 1 0 ,  aQ (x )  = aQ (q )  = 0 ,  a n d  t h e
s t a t e m e n t  i s  p r o v e n .
S i n c e  aQ (x )  = aQ1 = 0 ,  aQ^ = 0  h y  c o n t i n u i t y .  I f
*  . 
z e ^  H Q]_ , t h e n  az  = 0 .  By Lemma 4 . 1 0 ,  aQg = 0 ■
C o n t i n u i n g  t h i s  p r o c e s s  we h a v e  aQ^ = 0 .  H owever
a € = Q ( 1 ) j s °  a a  = 0 .  T h i s  i s  a c o n t r a d i c t i o n  an d  t h e
t h e o r e m  i s  p r o v e n .
4 . 1 3  Exam ple  R e c a l l  t h e  C a n t o r i a n  s w a s t i k a  CS f r o m  C h a p t e r
I I I .  I t  was shown t h e r e  t h a t  CS a d m i t s  t h e  s t r u c t u r e  o f  
a s e m i g r o u p  w i t h  z e r o  a n d  i d e n t i t y .  CS a l s o  a d m i t s  t h e  
s t r u c t u r e  o f  a s e m i l a t t i c e .  L e t  T b e  t h e  s u b s e m i l a t t i c e  
o f  I x l  c o n s i s t i n g  o f  (1 x 0 )  U ( O x l ) . Then  CS i s  a 
s u b s e m i l a t t i c e  o f  T x T .
H ow ever  CS d o e s  n o t  a d m i t  t h e  s t r u c t u r e  o f  a 
s e m i l a t t i c e  w i t h  i d e n t i t y .  S i n c e  CS i s  a g e n e r a l i z e d  t r e e ,  
i t  m u s t  b e  l o c a l l y  c o n n e c t e d  a t  z e r o  [ 1 2 ] .  T h u s  i t s  z e r o  
m u s t  be  ( 0 , 0 ) .  As w i t h  t h e  p r e v i o u s  e x a m p l e ,  t h e  i d e n t i t y  
1 o f  CS m u s t  b e  a non  w e a k - c u t p o i n t . T h u s  i t  s a t i s f i e s  t h e
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h y p o th eses  o f  Theorem 4.12* and hence cannot be a s e m i l a t t i c e  
w i th  i d e n t i t y .
4 .1 4  Remark The h y p o t h e s e s  o f  T h e o re m  4 .1 2  a p p l y  t o  o t h e r  
s p a c e s  t h a n  CS* b u t  t h e s e  s p a c e s  a r e  i n  some s e n s e  s i m i l a r  
t o  CS. C o n s i d e r  t h e  e x a m p le  shown i n  F i g u r e  4 .  I f  t h i s  
s p a c e  i s  t o  b e  a s e m i l a t t i c e  w i t h  i d e n t i t y  t h e n  t h e  z e r o  
m u s t  b e  t h e  " c e n t e r "  p o i n t .  So T h e o re m  4 .1 2  a p p l i e s  no  
m a t t e r  w h e re  1 i s  c h o s e n  ( a g a i n  1 m u s t  b e  a non  weak  c u t p o i n t ) *  
an d  t h e  s p a c e  d o e s  n o t  a d m i t  t h e  s t r u c t u r e  o f  a s e m i l a t t i c e  
w i t h  i d e n t i t y .
F i g u r e  4 .
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